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1 Introduction 

A Poisson groupoid is a Lie groupoid G ^ M with a Poisson structure A for which the 
graph of the partial multiplication is a coisotropic submanifold in the Poisson manifold 
(GxGxG,A©A© -A) (see 0). If (G ^ M, A) is a Poisson groupoid then there 
exists a Poisson structure on M such that the source projection a : G — >■ M is a Poisson 
morphism. Moreover, if AG is the Lie algebroid of G then the dual bundle A*G to AG 



itself has a Lie algebroid structure. Poisson groupoids were introduced by Weinstein 
as a generalization of both Poisson Lie groups and the symplectic groupoids which arise 
in the integration of arbitrary Poisson manifolds. A canonical example of symplectic 
groupoid is the cotangent bundle T*G of an arbitrary Lie groupoid G =^ M. In this 
case, the base space is A*G and the Poisson structure on A*G is just the linear Poisson 
structure induced by the Lie algebroid AG (see B). 



In p9|, Mackenzie and Xu proved that a Lie groupoid G ^ M endowed with a Poisson 
structure A is a Poisson groupoid if and only if the bundle map #a : T*G TG is 
a morphism between the cotangent groupoid T*G ^ A*G and the tangent groupoid 
TG =^ TM. This characterization was used in order to prove that Lie bialgebroids are 
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the infinitesimal invariants of Poisson groupoids, that is, if {G =^ M, A) is a Poisson 
groupoid then {AG, A*G) is a Lie bialgebroid and, conversely, a Lie bialgebroid structure 
on the Lie algebroid of a (suitably simply connected) Lie groupoid can be integrated 
to a Poisson groupoid structure [^, ^ (these results can be applied to obtain a 



new proof of a theorem of Karasaev |[T^ and Weinstein |^ about the relation between 
symplectic groupoids and their base Poisson manifolds). We remark that in [^, Crainic 
and Fernandes have given the precise obstructions to integrate an arbitrary Lie algebroid 
to a Lie groupoid. 

On the other hand, a contact groupoid (G =^ M, r], cr) is Lie groupoid G ^ M endowed 
with a contact 1-form rj G Q^{G) and a multiplicative function a G C°°(G', M) such that 

Viah){Xg (Btg Yh) = VgiXg) + e'^(^)r7,(y;), for (X„ F,) G TG^^\ 

where (Btg is the partial multiplication in the tangent Lie groupoid TG =^ TM (see 
@, 0, ^). Contact groupoids can be considered as the odd-dimensional counterpart 
of symplectic groupoids and they have applications in the prequantization of Poisson 
manifolds and in the integration of local Lie algebras associated to rank one vector bundles 
(see [|, 0])- In this case, the base space M carries an induced Jacobi structure such that the 
pair {a, e'^) is a conformal Jacobi morphism. Moreover, the presence of the multiplicative 
function a induces a 1-cocycle 0o ^ T{A*G) in the Lie algebroid cohomology of AG. We 
note that the relation between Jacobi structures and Lie algebroids with 1-cocycles has 
been recently explored in [T^ by the authors. More precisely, we have obtained that 



a Lie algebroid structure on a vector bundle A ^ M and a 1-cocycle 0o G T{A*), a 
generalized Lie algebroid in our terminology, induce a Jacobi structure (A(^. ^g), ^g)) 
on A* satisfying some linearity conditions. In addition, using the differential calculus 
on Lie algebroids in the presence of a 1-cocycle, it has been introduced in [|l^ (see also 
||TT| ) the notion of a generalized Lie bialgebroid in such a way that a Jacobi manifold 
has associated a canonical generalized Lie bialgebroid. A generalized Lie bialgebroid is 
a pair {{A,(f)o), {A*,Xo)), where (A, 0o) and {A*,Xq) are generalized Lie algebroids, such 
that the Lie algebroid structures on A and A* and the 1-cocycles 0o cind Xq satisfy some 
compatibility conditions. When 0o aiid Xq are zero, the definition reduces to that of a 
Lie bialgebroid. We also remark that the theory of generalized Lie algebroids plays an 
important role in the study of Lie brackets on affine bundles and its application in the 
geometrical construction of Lagrangian-type dynamics on affine bundles (see |iy, |31|). 

The aim of this paper is to integrate generalized Lie bialgebroids, that is, to introduce 
the notion of a Jacobi groupoid (a generalization of Poisson and contact groupoids), in 
terms of groupoid morphisms, such that generalized Lie bialgebroids to be considered as 
the infinitesimal invariants of Jacobi groupoids. 

As in the case of contact groupoids, we start with a Lie groupoid G =^ M, a Jacobi 
structure (A, E) on G and a multiplicative function a : G —>■ Then, as in the case of 
Poisson groupoids, we consider the vector bundle morphism #(a,£) : T*G x M — > TG x M 
induced by the Jacobi structure {A,E). The multiplicative function a induces, in a 
natural way, an action of the tangent groupoid TG ^ TM over the canonical projection 
TTi : TM X M ^ TM obtaining an action groupoid TG x R over TM x M. Thus, it is 
necessary to introduce a suitable Lie groupoid structure in T*G x R over A*G and this is 
the first important result of the paper. In fact, we prove that: 
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• // AG is the Lie algebroid of an arbitrary Lie groupoid G =^ M, a : G W is a 
multiplicative function, ttq : T*G x ^ G is the canonical projection and t]c is the 
canonical contact 1-form on T*G x M then {T*G x M ^ A*G,rjG,(J o Tf^) is a contact 
groupoid in such a way that the Jacobi structure on A*G is just the linear Jacobi structure 
{A(^A*G,(i)o)^ ^iA''G,<f>o)) iiT'duced by the Lie algebroid AG and the 1-cocycle (po which comes 
from the multiplicative function a (see Theorems \3. Tj and \3.1(\ ). 



Now, we will say that (G =^ M, A, E, a) is a Jacobi groupoid if the map #{a,£;) : T*Gx'U. — > 
TG X M is a Lie groupoid morphism over some map ipo '■ A*G — > TM x M. Poisson and 
contact groupoids and other interesting examples are Jacobi groupoids. In particular, 
Jacobi groupoids (G =^ M,A,E,a) where M is a single point are just the Lie groups 
studied in [|T^, whose infinitesimal invariants are generalized Lie bialgebras. 

On the other hand, if [G =^ M, A, E, a) is a Jacobi groupoid then we show that the vector 
bundle A*G admits a Lie algebroid structure and the multiplicative function a (respec- 
tively, the vector field E) induces a 1-cocycle 0o (respectively, Xq) on AG (respectively, 
A*G). Thus, a first relation between Jacobi groupoids and generalized Lie bialgebroids 
can be obtained and this is the second important result of our paper: 

• If {G ^ M, A, E, a) is a Jacobi groupoid then {{AG, 0o), {A*G, Xq)) is a generalized Lie 



bialgebroid (see Theorem 5.4 ) 



Finally, a converse of the above statement is the third important result of the paper. More 
precisely, we prove the following theorem: 

• Let {{AG,(f)Q),{A*G,Xo)) be a generalized Lie bialgebroid where AG is the Lie alge- 
broid of an a-connected and a-simply connected Lie groupoid G =^ M . Then, there is 
a unique multiplicative function cr : G ^ M and a unique Jacobi structure (A, E) on 
G that makes {G =^ M , A, E, a) into a Jacobi groupoid with generalized Lie bialgebroid 



{{AG, 0o), {A*G, Xo)) (see Theorem ^ 



The two previous results generalize those obtained by Mackenzie and Xu [^, for 



Poisson groupoids and those obtained by the authors for generalized Lie bialgebras. 



The paper is organized as follows. In Section 2, we recall several definitions and results 
about Jacobi manifolds. Lie algebroids and Lie groupoids which will be used in the sequel. 
In Section 3, we prove that a Lie groupoid G =^ M (with Lie algebroid AG) and a 
multiplicative function a : G — M induce a Lie groupoid structure in TG x M over TM x M 
and a contact groupoid structure in T*G x M over A*G. In Section 4, we introduce the 
definition of a Jacobi groupoid, giving some examples, and we prove some properties of 
these groupoids. In Section 5, we show that generalized Lie bialgebroids are, in fact, the 
infinitesimal invariants of Jacobi groupoids. 

Notation: If M is a differentiable manifold, we will denote by G°°(M, M) the algebra of 
G°° real- valued functions on M, by Q^{M) the space of fc- forms on M, by X(M) the Lie 
algebra of vector fields, by 6 the de Rham differential on Q*{M) = ©^^^^(M), by C the 
Lie derivative operator and by [, ] the Schouten-Nijenhuis bracket ([|I|, ^). Moreover, if 
y4 ^ M is a vector bundle over M and P G r(A^y4) is a section of A'^A — > M, we will 
denote by #p: A* ^ A the bundle map given by h'{j^p{u)) = P{x){u!, u), for cj, z/ G A*, 
A* being the fiber of A* over x e M. We will also denote by i^p:T{A*) ^{A) the 
corresponding homomorphism of C°°{M, M)-modules. 
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2 Jacobi structures, Lie algebroids and Lie groupoids 



2.1 Jacobi structures 

A Jacobi structure on a manifold M is a pair {A,E), where A is a 2- vector and E is a. 
vector field on M satisfying the following properties: 

[A,A] = 2EAA, [E,A] = 0. (2.1) 

The manifold M endowed with a Jacobi structure is called a Jacobi manifold. A bracket 
of functions (the Jacobi bracket) is defined by 

{f,g} = A{6f,6g) + fE{g)-gE{f), 

for all f,g e C°°{M, R). In fact, the space C°°(M, M) endowed with the Jacobi bracket is 
a local Lie algebra in the sense of Kirillov (see [^). Conversely, a structure of local Lie 
algebra on C°°(M, M) defines a Jacobi structure on M (see |T^ , PU|). If the vector field E 
identically vanishes then (M, A) is a Poisson manifold (see [|I], ^ |36[]). 

Another interesting example of Jacobi manifolds comes from contact manifolds. Let M 
be a 2n + 1-dimensional manifold and r] a 1-form on M. We say that (M, rj) is a contact 
manifold if rj A {6ri)^ 7^ at every point (see, for instance, [0, ^). A contact manifold 
(M, Tj) is a Jacobi manifold whose associated Jacobi structure (A, E) is given by 

A(^, u) = 6v{\>~\u;), E = 

for uj,u e n^{M), : X(M) n^{M) being the isomorphism of C°°(M, M)-modules 
defined by b^(X) = i{X)6ri + rj{X)rj. Note that E is the Reeb vector field of M which is 
characterized by the conditions i{E)ri = 1 and i{E)5r] = 0. Moreover, 

b-i(cj) = -#a(cj) + c^(E)E, for u G n^(M). 

Jacobi manifolds were introduced by Lichnerowicz ||2^ (see also 0, [l^). 

Remark 2.1 Let (A, £") be a 2- vector and a vector field on a manifold M. Then, we can 
consider the 2-vector A given by 

A = e-*(A + -AE), (2.2) 

where t is the usual coordinate on M. The 2-vector A is homogeneous with respect to 
the vector field ^, that is, C±A = —A. In fact, if A is a 2-vector on M x R such that 

La^A = —A then there exists a 2-vector A and a vector field E on M such that A is given 

at 

by ( |2.2|) . Moreover, {A,E) is a Jacobi structure on M if and only if A defines a Poisson 
structure on M x M (see ||2^). The manifold M x M endowed with the structure A is called 
the Poissonization of the Jacobi manifold (M, A, E). If (A, E) is a Jacobi structure on M 
induced by a contact 1-form rj then the corresponding Poisson structure A on M x M is 

non-degenerate and is associated with the symplectic 2-form f2 = e* ( (5?7 + 5t A 77 ) . 
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Before finishing this Section, we will give a definition which will be useful in the following. 



Definition 2.2 Let S be a suhmanifold of a manifold M and A he an arbitrary 2-vector. 
S is said to be coisotropic (with respect to A) if ^/y{(TxS)°) C T^^S, for x E S, (TxSy 
being the annihilator space ofT^S. 



Remark 2.3 If A (respectively, {A,E)) is a Poisson structure (respectively, a Jacobi 
structure) on M then we recover the notion of a coisotropic submanifold of the Pois- 
son manifold (M, A) |]2^ , ^ (respectively, coisotropic submanifold of a Jacobi manifold 
(M,A,E) H) . 



2.2 Lie algebroids 

A Lie algebroid A over a manifold M is a vector bundle A over M together with a Lie 
bracket [, ] on the space T{A) of the global cross sections oi A ^ M and a bundle map 
p: A ^ TM, called the anchor map, such that if we also denote by p: T{A) — >• X{M) the 
homomorphism of C°°(M, R) -modules induced by the anchor map then: 

(i) p: (r(v4), I , ]) ^ (X(M), [ , ]) is a Lie algebra homomorphism and 

(ii) for all / G C°^{M, M) and for all X,Y eT{A), one has 

lXJY]=flX,Y] + {p{X){f))Y. 



The triple {A, |, ],p) is called a Lie algebroid over M (see p8|, |33|). 

A real Lie algebra of finite dimension is a Lie algebroid over a point. Another example 
of a Lie algebroid is the triple (TM, [, ],Id), where M is a different iable manifold and 
Id: TM — > TM is the identity map. 

If A is a Lie algebroid, the Lie bracket on T{A) can be extended to the so-called Schouten 
bracket [, ] on the space V[f\*A) = (Bk^{A^A) of mult i- sect ions of A in such a way that 
(©jfcr(A^A), A, I, ]) is a graded Lie algebra. In fact, the Schouten bracket satisfies the 
following properties 

[x,/] = p(x)(/), ip,g] = (-irig,p], 

IP, QARj = lP,QjAR+ i-iy^P^'^Q A IP, Rj, 

{-irmQim + {-irm,piQi + {-irm,RiPi = o, 

for X G T{A), f G C°°(M,M), P G T{APA), Q G T{A'^A) and R G r(A'-A) (see [||). 



Remark 2.4 The definition of Schouten bracket considered here is the one given in 



(see also [|T], |25|). Some authors, see for example |^, define the Schouten bracket in 



another way. In fact, the relation between the Schouten bracket [ , ]' in the sense of 
and the Schouten bracket [ , ] in the sense of |^ is the following one. If P G r(A^y4) 
and Q G T{A*A), then [P, Ql' = (-1)p+i[P, Q]. 
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On the other hand, imitating the de Rham differential on the space Q*{M), we define the 
differential of the Lie algebroid A, d: T{a''A*) r(A''+M*), as follows. For u E T{a''A*) 
and Xo,...,Xfc G T{A), 

k 

du{Xo,...,Xk) = ^(-l)V(X,)(^(Xo,...,X,,...,Xfc)) 

i=o (2.3) 
+ 5^(-ir+^-a;(lX„X,],Xo, . . . , X,, . . . , X,-, . . . ,X,). 

Moreover, since = 0, we have the corresponding cohomology spaces. This cohomology 
is the Lie algebroid cohomology with trivial coefficients (see ||28|| ). 

Using the above definitions, it follows that a 1-cochain cj) G T{A*) is a 1-cocycle if and 
only if 

0[x,ri=p(x)(0(r))-p(r)(0(x)), 

for all X,F G r(A). 

Next, we will consider some examples of Lie algebroids which will be important in the 
following. 

1.- The Lie algebroid {TM x M, [ , ],7r) 

If M is a differentiable manifold, then the triple (TM x M, [ , ] , tt) is a Lie algebroid over 
M, where vr: TM x M — TM is the canonical projection over the first factor and [ , ] is 
the bracket given by (see |^ ^) 



[(X, /), (F, g)] = ([X, Y],Xig) - F (/)), (2.4) 
for (X,/),(F,^) G X(M) X C°°(M,M) = T{TM x M). 

2. - The Lie algebroid (T*MxM, [, ](a,£),#(a,£)) associated with a Jacobi manifold{M, A, E) 

A Jacobi manifold {M,A,E) has an associated Lie algebroid (T*M x M, [, ](a,£;), #(a,£;)), 
where [, }(^a,e) and #{A,i?) are defined by 

[(^, /), (i^, ^)l(A,i?)=(>C#^M'^->^#AH^-'^(^(^> u))+fCEiy-gCEUj 

-i{E){u;Au),A{u,u;)+i^A{u;){g)-4^j,{u){f)+fE{g)-gE{f)), ^^.5) 

#(A,i,)(^,/) = #A(a;) + /i?, 

for {ujj),{iy,g) G fi^^) x C°°(M,M) = T{T*M x M), £ being the Lie derivative op- 
erator (see []19|). In the particular case when (M, A) is a Poisson manifold we recover, 
by projection, the Lie algebroid (T*M, |, ]a,#a)5 where [, ]a is the bracket of 1-forms 
defined by fu, uJa = - ^#aM^ ~ ^iH^, '^)), for uj,u e fi^(M) (see 1], I, |, |5]). 

3. - Action of a Lie algebroid on a smooth map 

Let {A, I , ], p) be a Lie algebroid over a manifold M and tt : P ^ M be a smooth map. 
An action of A on vr : P — M is a M-linear map 

* : T{A) X(P), X G T{A) ^^ X* G X(P), 
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such that: 



{fXy = if on)X*, IX,YY = [X*,Y*], <(X*(p))=p(X(7r(p))), 

for / G C°°(M,M), X,Y e T{A) and p e M. If * : T{A) X{P) is an action of A on 
7T : P M and r : A — ^ M is the bundle projection then the pullback vector bundle of 
A over n 

TT*A = {{a,p) e Ax P / T{a) = 7r(p)} 

is a Lie algebroid over P with the Lie algebroid structure (| , p^) which is characterized 
by 

pAXM = X*{p), IX, Yj^ = IX, Yj o vr, 
for X, y G T{A) and p E P. The triple (vr*A, |, Itt, Ptt) is called the action Lie algebroid 



of A on TT and it is denoted by A x vr or A x P (see ||13|| ). 

4. - r/ie Lie algebroid associated with a linear Poisson structure 

Let r : y4 — > M be a vector bundle on a manifold M. Then, it is clear that there exists 
a bijection between the space T{A*) of the sections of the dual bundle t* : A* ^ M and 
the set C{A) of real functions on A which are linear on each fiber 

T{A*) C{A), v^v. 

Now, suppose that A is a linear Poisson structure on A with Poisson bracket { , }. This 
means that the Poisson bracket of two linear functions on A is again a linear function. This 
fact implies that the Poisson bracket of a linear function on A and a basic function is a basic 
function. Moreover, one may define a Lie algebroid structure ( [ , ] , p) on r* : A* M 
which is characterized by 

M = {z>,p}, p(z/)(/)or = {z>,/or}, (2.6) 

for z/,p G Y{A*) and / G C~(M, M) (see % |||). Conversely, if A is a vector bundle over 
M and the dual bundle A* admits a Lie algebroid structure ([, ],p) then one may define 
a linear Poisson bracket { , } on A in such a way that ( |2.6| ) holds. 

5. - The tangent Lie algebroid 

Let (M, A) be a Poisson manifold. Then, the complete lift A'^ of A to the tangent bundle 
TM defines a linear Poisson structure on TM (see P, 0). A'^ is called the tangent Poisson 
structure. 

Now, suppose that r : A — * M is a Lie algebroid over a manifold M and that p : 
A* ^ ^ is the natural pairing. Then, TA and T A* are vector bundles over TM 
and p induces a non-degenerate pairing T A* x^^TA —>■ M. Thus, we get an isomorphism 
between the vector bundles TA and (TA*)*. Therefore, the dual bundle to TA TM 
may be identified with TA* TM. On the other hand, since A* is a Poisson manifold, 
we have that TA* admits a linear Poisson structure. Consequently, the vector bundle 
TA TM is a Lie algebroid which is called the tangent Lie algebroid to A (for more 
details, see M,m). 
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2.3 Lie groupoids 



A groupoid consists of two sets G and M, called respectively the groupoid and the base, 
together with two maps a and jS from G to M, called respectively the source and target 
projections, a map e : M ^ G, called the inclusion, a partial multiplication m : G^"^^ = 
{{g, h) E G X G/a{g) = P{h)} G and a map l : G G, called the inversion, satisfying 
the following conditions: 

(i) a{m{g, h)) = a{h) and P{m{g, h)) = l3{g), for all {g, h) G G^'^\ 

(ii) m{g, m{h, k)) = m{m{g, h),k), for all g,h,k E G such that a{g) = (3{h) and a{h) = 

(iii) a{e{x)) = x and /3(e(a;)) = x, for all x G M, 

(iv) m{g, e{a{g))) = g and m{e{/3{g)), g) = g, for all g E G, 

(v) m{g,L{g)) = e{/3{g)) and m{L{g),g) = e{a{g)), for all g E G. 

A groupoid G over a base M will be denoted by G =^ M. Given two groupoids Gi =^ Mi 
and G2 ^ M2, a morphism of groupoids is a pair of maps $ : Gi — G2 and $0 • ^1 ~^ ^2 
which commute with all the structural functions of Gi and G2, i.e., 02 o $ = $0 o ai, 
^2 o $ = $0 o /5i and = <^{gi)<^{hi), for (5(1, /ii) G ^ (for more details, see [^). 

If G and M are manifolds, G =^ M is a Lie groupoid if: 

(i) a and /3 are differentiable submersions. 

(ii) m, e and t are differentiable maps. 

From now on, we will usually write gh for m{g, h), g~^ for L{g) and x for e(x). Moreover, 
if a; G M then Gx = Ci~^{x) (respectively, G^ = fd'^^i^x)) will be said the a-fiber (resp., 
the /3-fiber) of x. Furthermore, since e is an inmersion, we will identify M with e(M). 

Next, we will recall some notions related with Lie groupoids which will be useful in the 



following (for more details, see [p^] ). 



Definition 2.5 Let G ^ M be a Lie groupoid over a manifold M. For U M open, a 
local bisection ( or local admissible section ) of G on U is a smooth map IC : U ^ G which 
is right-inverse to (3 and for which ao K, : U —>■ a{}C{U)) is a diffeomorphism from U to 
the open set a{K{U)) in M. If U = M, K, is a global bisection or simply a bisection. 

The existence of local bisections through any point g E G is always guaranteed. 

If /C : f/ — s> G is a local bisection with V = {a o IC){U), the local left-translation and 
right-translation induced by /C are the maps Lx: : P~^{V) /3^^{U) and Rjc ■ a^^{U) 
a~^(y), defined by 

L^ig) = /C((a o }C)-\f3ig))) 9, R^h) = h lC{a{h)), 
for g E ^-^{V) and h E a-^{U). 
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Remark 2.6 li yo E U and )C{yo) — Qq, CK{go) — Xq then the restriction of Ljc to is 
the left-translation by go 

Lg, : G^" ^ h^Lg,{h)^goh. 
In a similar way, the restriction of R/c to Gy^ is the right-translation by go 

Rgo ■ Gyo ^G^o, g^ Rg^{g) = ggo. 

A multivector field P on G is said to be left-invariant (respectively, right-invariant) if 
it is tangent to the fibers of /3 (respectively, a) and P{gh) = {Lic)'l{P{h)) (respectively, 
P{gh) = {R]c)i{P{g))) for g,h e G and K, : U ^ G any local bisection through h (res- 
pectively, g). If P and Q are two left-invariant (respectively, right-invariant) multivector 
fields on G then [P, Q] is again left-invariant (respectively, right-invariant) . 

Now, we will recall the definition of the Lie algebroid associated with a Lie groupoid. 

Suppose that G =^ M is a Lie groupoid. Then, we may consider the vector bundle 
AG M, whose fiber at a point a; G M is A^G = T^G^ . It is easy to prove that there 
exists a bijection between the space T{AG) and the set of left-invariant (respectively, right- 
invariant) vector fields on G. If X is a section of AG, the corresponding left-invariant 
(respectively, right-invariant) vector field on G will be denoted by X (respectively, it). 
Using the above facts, we may introduce a Lie algebroid structure (| , ], p) on AG, which 
is defined by, for X,Y e V{AG) and xeM, 

\xyi = [t,t], p{X){x) = al{X{x)). (2.7) 

Reiricirk 2.7 There exists a bijection between the space V{/\^{AG)) and the set of left- 
invariant (respectively, right-invariant) A;- vector fields. If P is a section of A*^(AG), we 
will denote by P (respectively, 'P) the corresponding left-invariant (respectively, right- 
invariant) A;- vector field on G. Moreover, if P, Q e T{f\*{AG)), we have that 

\pM-(pM- (2-8) 



Examples 2.8 1.- Lie groups 

Any Lie group G is a Lie groupoid over {e}, the identity element of G. The Lie algebroid 
associated with G is just the Lie algebra g of G. 

2. - The banal groupoid 

Let M be a differentiablc manifold. The product manifold M x M is a Lie groupoid 
over M in the following way: a is the projection onto the second factor and j3 is the 
projection onto the first factor; e{x) = {x,x) for all a; G M and m{{x,y), {y,z)) = {x,z). 
M X M =^ M is called the banal groupoid. The Lie algebroid associated with the banal 
groupoid is the tangent bundle TM of M. 

3. - The direct product of Lie groupoids 
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If Gi =^ Ml and G2 =^ M2 are Lie groupoids, then Gi x G2 ^ Mi x M2 is a Lie groupoid 
in a natural way. 

4.- Action groupoids 

Let G =^ M be a Lie groupoid and vr : P ^ M be a smooth map. li P * G = {{p, g) & 
P X G / 7r{p) = P{g)} then a right action of G on tt is a smooth map 

P*G^P, {p,g)^p-g, 

which satisfies the following relations 

tt{p ■ g) = a{g), for all (p, g) E P*G, 

[p. g) . h = p - {gh), for all {g, h) G G^^^ and [p, g) e P *G, 

p ■ tt{p) = p, for all p E P. 

Given such an action one constructs the action groupoid P * G ^ P hj defining 

a'{p,g)=p-g, P'{p,9)=P, 

m'iip, g), (g, h)) = {p, gh), if q = p-g, 

e'(p) = {P, e(7r(p))), i'{p, 9) = {p ■ 9, 9'^)- 
Now, if p G P, we consider the map VTp : G'^'-^-' P given by 

T^p{9) =P- 9- 

Then, if AG is the Lie algebroid of G, the M-linear map 

* : V{AG) X(P), X G V{AG) ^X* e X(P), 

defined by ^ 

= (7rp)??)(^(vr(p))), for all p G P, (2.9) 

induces an action of AG on n : P ^ M. In addition, the Lie algebroid associated with 
the Lie groupoid P * G =^ P is the action Lie algebroid AG x 71 (for more details, see 



5.- The tangent groupoid 

Let G =^ M be a Lie groupoid. Then, the tangent bundle TG is a Lie groupoid over TM. 
The projections a'^, P'^, the partial multiplication (Btg, the inclusion and the inversion 
are defined by 



a^{Xg) = «f (Xg), P^{Xg) = l3l{Xg), for X, G T.G, 

X, ®TG Yh = ml^'')(X„ Y,), for (X„ F,) G (TG)g;,) = T(,,,)G(2), ^ 
e^(X,) = eiXX,), for X, G T,M, 
.^(X,) = (X,), for X, G T,G. 



10 



In it has been given an explicit expression for the multiphcation (Btg- If '^*{-^g) = 
(3!:iXh) = W^,x = a{g) = I3{h), then 

X, ®TG Yk = {LxtiYn) + {Ry)l{X,) - {L ;,t{{Ryt{el{W))\ (2.11) 

where X ,y are any (local) bisections of G with X{x) = g and y{x) = h. The tangent 
Lie algebroid TAG TM is just the Lie algebroid associated with the tangent groupoid 
TG ^ TM (for more details, see [g|]). 

Remark 2.9 If G is a Lie group then, from ( |2.11|) , it follows that 

Xg ©TG Yh = (LXAYh) + {Rh)l{Xg), for X, G TgG and ^ G UG. (2.12) 

6.- The cotangent groupoid 

Let G ^ M be a Lie groupoid. If A*G is the dual bundle to AG then the cotangent bundle 
T*G is a Lie groupoid over A*G. The projections a and /3, the partial multiplication ©t*g, 
the inclusion e and the inversion 1 are defined as follows, 

a{ujg){X) = ujg{{Lg):^\x)), ioi u g ^ T^G aud X G A„(,)G, 
/3(i^.)(F) = j.,((i?,)e^'^^(r - ee^'^^(ae^'^(r)))), for z/, G T,*G and Y G 

(^9 ©T*G ^^/.)(X<, ©TG n) = ^g{Xg) + Z/,(n), for (X„ F,) G T(,,;,)G'(2), (2.13) 

e>,)(X,) = uj.,{X, - e:(/3f (X,))), for uj, G G T,G and x G M, 

6(a;,)(X,-i) = -cu,(if '(X,-i)), for uOg G r;G and X^^i G T,-iG. 

Note that i{A*G) is just the conormal bundle of M = e(M) as a submanifold of G. 

On the other hand, since A*G is a Poisson manifold, the cotangent bundle T*{A*G) is a 
Lie algebroid. In fact, the Lie algebroid of the cotangent Lie groupoid T*G ^ A*G may 
be identified with T*{A*G) (for more details, see g H). 

Remark 2.10 If G is a Lie group and ujg G T*G, Uh G T^G satisfy a{ujg) = /S^Uh) then, 
from (|2:T2|) , it follows that 

©T*G = ^{((i?.-Of + iiLg-.)fy{u,)]. (2.14) 



2.4 Generalized Lie bialgebroids 

In this Section, we will recall the definition of a generalized Lie bialgebroid. First, we will 
exhibit some results about the differential calculus on Lie algebroids in the presence of a 



1-cocycle (for more details, see p6[]). 

If {A, I, ],p) is a Lie algebroid over M and, in addition, we have a 1-cocycle 0o ^ T{A*) 
then the usual representation of the Lie algebra T{A) on the space G°°(M, M) can be mod- 
ified and a new representation is obtained. This representation is given by P(f,^^{X){f) = 
p{X){f)+(j)o{X)f, for X G T{A) and / G G°°(M, M). The resulting cohomology operator 
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d(j,^ is called the 0o-differential of A and its expression, in terms of the differential d of A, 
is 

d^gU = du + (t>Q A uj (2.15) 

for u G r{A^A*). The 0o-differential of A allows us to define, in a natural way, the 0o-Lie 
derivative by a section X e T{A), (£^Jx: r(A''A*) — > T{a''A*), as the commutator of 
d(j,Q and the contraction by X, that is, {C(j,g)x = d^^ o i{X) + i{X) o (for the general 
definition of the differential and the Lie derivative associated with a representation of a 
Lie algebroid on a vector bundle, see p8|). 



On the other hand, imitating the definition of the Schouten bracket of two multilinear 
first-order differential operators on the space of C°° real-valued functions on a manifold 
(see [|lll), we introduced the 0o-Schouten bracket of a p-section P and a p'-section P' 
as the {p + p' — l)-section given by 

IP,P%, = lP,P'l + {-lY+\p-l)PA{z{<Po)n - ip' - lM<Po)P) A P', (2.16) 

where [ , ] is the usual Schouten bracket of A (some properties of the 0o-Schouten bracket 
were obtained in fl^). Moreover, using the 0o-Schouten bracket, we can define the 0o-Lie 
derivative of P G T{a''A) by X G T{A) as 

iC^,)xiP) = lX,P]^,. (2.17) 

Remark 2.11 The product manifold A = A x TM is a vector bundle over M x M and 
one may define a Lie algebroid structure (| , p) on A, where [ , ]"is the obvious product 
Lie bracket and p = p x id : A ^ TM x TR. The direct sum T{APA) © r(AP~M) is 
a subspace of r(A^y4) and we may consider the monomorphism of C°°(M, ]R)-modules 
: r(AM) T{ApA) given by U^,,{P)_ = (e'^P-^^^P, e-(P-^)*i(0o)(^))- Then, it is easy 
to prove that U^,{[P,P%,) = lU^,{P),U^,{P')\- for P G r(A^'A) and P' G T{Ap' A) (see 
ilTI). 



Now, suppose that (A, [, ],p) is a Lie algebroid and that 0o ^ T{A*) is a 1-cocycle. 
Assume also that the dual bundle A* admits a Lie algebroid structure (|, ]*,p*) and that 
Xq G T{A) is a 1-cocycle. The pair {{A^tpo), (A*,Xo)) is a generalized Lie bialgebroid if 



f2.18l 



for X,Y E T{A) and P G r(A^y4), where d^Xo (respectively, C^^Xo) is the Xo-differential 
(respectively, the Xg-Lie derivative) of A*. Note that the second equality in ( |2.18| ) holds 
if and only if 

0o(Xo) = 0, p(Xo) = -p*(0o) 
(£,Xo)0o^ + [Xo,X]=O, 



(2.19) 



for X G T{A) (see |T6|). Very recently, an interesting characterization of generalized Lie 
bialgebroids has been obtained by Grabowski and Marmo |]lll as follows. If we consider 
the bracket [, ]L of a p-section P and a p'-section P' as the {p + p' — l)-section given 



12 



by IP,P%^ = {-ly+^lP, then ((A,0o), (^*,^o)) is a generalized Lie bialgebroid if 
and only if d^Xo is a derivation of (©fcr(A^y4), |, ]'^^), that is, 

d,XolP,P%, = ld*XoP,P%, + {-ir^'lP,d,XoP%, 

for P G r(APA) and P' E T{A*A). In the particular case when 0o = and Xq = 0, 
( p.l8| ) is equivalent to the condition F] = [X, — |F, Thus, the pair 

{{A,0), {A* ,0)) is a generalized Lie bialgebroid if and only if the pair {A, A*) is a Lie 
bialgebroid (see |2l|, ||). 



On the other hand, if (M, A, E) is a Jacobi manifold, then we proved in |]T6[ that the pair 
^(TM X M, (/)o),(T*M X M, Xq) j is a generalized Lie bialgebroid, where 0o and Xq are the 
1-cocycles on TM x M and T*M x M given by 

00 = (0, 1) e n\M) X C°°(M, M) = T{T*M x M), 

Xo = (-^,0) G X(M) X C~(M,M) = r(TM x M). 
As a kind of converse, we have the following result. 



Theorem 2.12 j7^/ Let {{A, 0o), (A*, Xp)) be a generalized Lie bialgebroid over M . Then, 
the bracket of functions { , }o : C~(M,M) x C~(M, M) ^ C°°(M, M) ^zwn 6?/ 

{/, ^?}o := d^of ■ d.Xo9, for f,ge C^{M, M), 
defines a Jacobi structure on M . 



If (Aq, Eq) is the Jacobi structure on M associated with the Jacobi bracket { , }o then 

#AoK) = p*(p*K)), ^0 = P*(0o) = -p(Xo), (2.20) 

for ujq G fi^(M), p* : fi^(M) — > r(74*) being the adjoint operator of the anchor map 
p : T{A) ^ X(M). 

Next, we will recall the construction of the Lie bialgebroid associated with a generalized 
Lie bialgebroid (for more details, see |[16[] ). 

Let (A, [, be a Lie algebroid over M and 0o ^ T{A*) be a 1-cocycle. Then, there 
exists two Lie algebroid structures on the vector bundle A = AxM— ^MxM. First, we 
consider the map * : T{A) — >■ X(M x M) given by 

X* = p(X) o vTi + (0o(X) o vTi)^, (2.21) 

where tti : M x M ^ M is the canonical projection onto the first factor. It is easy to prove 
that * is an action of A on tti (see Section p.2|) . Thus, if vr^A is the pull-back of A over tti 
then the vector bundle tt^A — ^ M x M admits a Lie algebroid structure ([, ]"'^°,p'^°). It 
is clear that the vector bundles -k^A ^ M x M and y4 = AxM— i>MxM are isomorphic 
and that the space of sections T{A) of A — > M x M can be identified with the set of 
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time-dependent sections of A — M. Under this identification, the Lie algebroid structure 
(I, ]-^\p^^) is given by 

fry ~ f)X ~ ~ ~ 3 

[x,rr^« = [x,Yi+Mx)—-My)^. = p(x) + 0o(x)-, (2.22) 

for X, y G r(A), where ([ , ]~ p) is the Lie algebroid structure on TilA defined by the zero 
dX dY 

1-cocycle and (respectively, -^) denotes the derivative of X (respectively, Y) with 
respect to the time. 

Now, \ei : A ^ A he the isomorphism of vector bundles over the identity defined 
by ^{y,t) = (e*f,t), for {v,t) & A x M. = A. Using \l/ and the Lie algebroid struc- 
ture (I, ]"'^°,p'^°), one can introduce a new Lie algebroid structure (|, l''^",p'^°) on the 
vector bundle A — M x R in such a way that the Lie algebroids {A, [, ]"'^°,p'^'') and 
{A, |, y^''^ P'^°) are isomorphic. We have that 



IX, n^^ = e-*([x,yr+ 0o(x)(f -Y)- My)i§ - x) 

p*o(X)=e-*(p(X)+0o(^)| 



(2.23) 



for all X, y G ^{A). Moreover, one may prove the following result. 



Theorem 2.13 jig/ Let {{A,(j)(j), {A*,Xq)) be a generalized Lie bialgebroid and {A, E) be 
the induced Jacobi structure on M. Consider on A = A (resp. A* = A* x M.) the Lie 
algebroid structure (|, Y'^°,p'^°) (resp. (|, l'f",p^:^°)). Then: 

i) The pair {A, A*) is a Lie bialgebroid over M x M. 

a) If A is the induced Poisson structure on M xM. then A is the Poissonization of the 
Jacobi structure {A,E). 



3 Contact groupoids and 1-jet Lie groupoids 

First, we will recall the notion of a contact groupoid. 

Definition 3.1 JT^/ Let G ^ M be a Lie groupoid, rj G Q^{G) be a contact 1-form on G 
and a : G ^ be an arbitrary function. If (Btg is the partial multiplication in the Lie 
groupoid TG =^ TM, we will say that {G =^ M, rj, a) is a contact groupoid if and only if 

Vigh){Xg (Btg Y^) = VgiXg) + e'^(^)r/;,(n), for (X„ Y^) G TG^^\ (3.1) 
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Remark 3.2 Actually, the definition of a contact groupoid given in [|T9| is slightly differ- 
ent to the one given here. The relation between both approaches is the following one. If 
{G =^ M, 6, k) is a contact groupoid in the sense of [|1^] then {G ^ M, 77, a) is a contact 
groupoid in the sense of Definition pTT| , where a{g) = n{g^^) for g E G, and 77^ is the 
inverse of dg-i in the Lie groupoid T*G =^ A*G. 

If (G =^ M, r], a) is a contact groupoid then, using the associativity of (Btg, we deduce 
that cr : G — >^ M is a multiplicative function, that is, 

a{gh) = a{g) + a{h) (3.2) 

for {g,h) E G^'^\ In particular, o"|e(Af) = and therefore, using ( p.lD , it follows that 
rirt{e^{Xx)) = 0, for x E M and E T^M. Thus, if l : G ^ G is the inversion of G, we 
obtain that 1*1] = —e~"ri. This implies that G is a contact groupoid in the sense of 0. 
Using this fact, we deduce the following result. 

Proposition 3.3 Let {G ^ M, rj, a) be a contact groupoid and suppose that dim G = 
2n + 1. Then: 



i) If g and h are composable elements of G, we have that 

(3.3) 



{6v)AX,®TGY,,X'g(BTGY/,) = (5r/),(X„X;) + e'^(^)(5r/),(n,F,') 



+e'^(^\X,ia)vHiY/,) - X'gia)vHiY,)), 

for (x„n),(x^,F,')erG(2). 

a) M = e(M) is a Legendre submanifold of G, that is, e*T] = and dime{M) = 
dim M = n. 

Hi) If {A,E) is the Jacobi structure associated with the contact 1-form rj, then E is a 
right-invariant vector field on G and E{a) = 0. Moreover, if Xq E r{AG) is the 
section of the Lie algebroid AG of G satisfying E = —Xq, we have that 

i^K{6a)=lto-e-''%. (3.4) 

iv) If , P'^ and (respectively, a, (3 and e) are the projections and the inclusion in 
the Lie groupoid TG =^ TM (respectively, T*G A*G) then, 

e"''#A o e o a = e'^ o a'^ o o g o /3 = o o 

Proof: Using the results in |^, we directly deduce i), ii) and Hi). 

Now, we will prove iv). Suppose that Ug E T*G. Then, from ii), we conclude that 

Furthermore, if Xa(g) E Aa(g)G, it follows that 

6^(^n«^(#AK))) = ^^(#aK)) ©TG #aM, X„(,) = Ot_,g (BtG (L,)?^) (X„(,)) 
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and consequently, using (|2.13|) , (|3.3|) and (|3.4|) and the fact that a is a multiphcative 

function, we obtain that 



On the other hand, from (p.l3|) and ii), we deduce that 

for Ya(g) e Ta{g)M. 

The above facts imply that {a^ {jj^f^{ujg))) = e^'^^^)#A(e(a(co'g))). In a similar way, one 
may prove that #A(e(/3(a;g))) = e^(/?^(#AK)))- \qM 

Using again the results in we have that 



Proposition 3.4 Let {G =^ M,ri,a) be a contact groupoid and Xl{G) be the set of left- 
invariant vector fields on G. Denote by {A,E) the Jacobi structure on G associated with 
the contact 1-form r], by Xq G r{AG) the section of the Lie algebroid AG of G satisfying 
E = -Xl and by X : n\M) x C~(M,M) ^ the map defined by 



(3.5) 



Then: 



i) X defines an isomorphism ofC^{M, M) modules between the spaces Q^{M) x C°°(M, 
M) andXiiG). 

a) The base manifold M admits a Jacobi structure {Ao,Eq) in such a way that the 
projection (3 is a Jacobi antimorphism and the pair (a, e*^) is a conformal Jacobi 
morphism, that is, 

KoHg)) = e'^(^)a^(A((7)), Eo{a{g)) = a^iX^^g)), 

Mm) = -mMg)), Eo{f3{g)) = -P'AEig)), 

for all g E G, where Xe<T = e'^#A(^o") + g'^E is the hamiltonian vector field of the 
function e" with respect to the Jacobi structure {A,E). 

Hi) The map X induces an isomorphism between the Lie algebroids {T*M x M, | , ](Ao,£;o); 
#(Ao,i?o)) o-^d AG. 



Remark 3.5 Denote also by T : T*M xM. —>■ AG the Lie algebroid isomorphism induced 
by the isomorphism of C°°(M, M)-modules X : n\M) x G°°{M, R) Xl(G'). Then, from 
( p.5| ) and since a is a multiplicative function, it follows that 

X(u;.,7) = #a(K)*(c^.)) -7^o(a:), (3.7) 

for (a;^,7) G T*M x M. 
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Now, let G =^ M be a Lie groupoid and a : G — M be a multiplicative function. Then, 
there exists a natural right action of the tangent groupoid TG =^ TM on the projection 
TTi : TM X M ^ TM given by 

{v^, X) ■ Xg = {v^, Xg{a) + A), 

for {v^,X) e TM X M and Xg e TgG satisfying = 7ii{v^,X) (see Examples p]). 

The resulting action groupoid is isomorphic to TG x M =^ TM x M with projections {<y'^)a, 
{P'^)a, partial multiplication ©tgxR, inclusion (e^)o- and inversion given by 

{a^).{Xg, X) = {a'^{Xg),Xg{a) + A), for {Xg, A) G TgG x M, 

= for G T,G X M, 

(X„A)©tgxr(>^/^,/x) = iXg®TGYh,X), iiia^UXg,X) = /i), (3.8) 

(e^).(X,., A) = (e^(X,.), A), for (X,., A) G T,M x M, 
(6^),(X„A) = (6^(X,),X,(a) + A), for (X„A) G T.G x R. 

Now, suppose that (G =^ M, 77, a) is a contact groupoid. Since is a contact 1-form, the 
map #(6^,^) : TG X M ^ T*G x M given by 

#(5,,,)(X„ A) = (-z(X,)(5r/), - Ar/„r/,(X,)) (3.9) 

is an isomorphism of vector bundles. The inverse map of #(5r;,»7) is the homomorphism 
#(A,E) : T*G X M ^ TG X M defined by 

#(A,s)(^9>7) = iifAiujg)+^Eig),-ujgiEig))), (3.10) 

where (A, E) is the Jacobi structure associated with the contact 1-form 77. 

On the other hand, if A*G is the dual bundle to the Lie algebroid AG then, since e(M) 
is a Legendre submanifold of G, the map ipo : TM x M — > A*G given by 

MX,,X) = (-2(e:(X,))(5r/), - Ar7,)|^^G, for (X,, A) G T,M x M (3.11) 

is an isomorphism of vector bundles. Note that #(^^^^) (e^(Xj.), A) = {e{ipo{Xx, A)), 0) and 
thus the inverse map (po : A*G —>■ TM x M of ^/'o is defined by 

ifoM = (a:(#A(e>.))), -u^iE, - e:(/5:(i?,.)))), (3-12) 

e : A*G T*G being the inclusion of identities in the Lie groupoid T*G ^ A*G. 

Next, we consider the maps a<^,/3^ : T*G x R ^ A*G, : A*G T*G x M and 
la : T*G X R ^ T*G X M given by 

tt<7 = V'o o (a^)a o #(A,i<;), ^<7 = V'o o (^^)a o #(A,i<;), 

and the partial multiplication ©t*gxR defined as follows. If (cUg, 7), (zz/^, ^) G T*G x M 
satisfy a^(u;g,7) = ^^{vhX) then 

(t^g,7) ©T-GxK (^'^,0 = i^{Sv,v){#{^,E){^9,l) ©TGxR #(A,£;) (l^h, C)) • (3-14) 

It is clear Oo-, Co-, '^o- and the partial multiplication ©t*gxR are the structural functions 
of a Lie groupoid structure in T*G x M over A*G. In addition, the map ^(A,i?) • T*Gx]R — > 
TG X R is a Lie groupoid isomorphism over ipo '■ A*G — >■ TM x R. 
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Lemma 3.6 // a, j3, (Bt*g> e ^^'^'^ ^ (^i"^ the structural functions of the Lie groupoid 
T*G ^ A*G, we have that 



a^iujg,^) = e-''(s)a{ujg), for {ujg,-f) G T^G x M, 
PAj^h, C) = PiJ^h) - C i^^)f3lK)\A0wG^ for {yn. C) e TIG X 



eaiuj^) = (e(^^),0), foruj^ E A^G, 

r.K,7) = (e-'^(^)(rK) - 7(H3-0, -e-'^(^)7), M ^,7) G r;G X 



(3.15) 



Proof: A long computation, using ( p.l3| ), ([OD, (pr2D, (|3l8|)-( |3TT^ ) and Proposition |37^ , 
proves the result. IQ-E-PI 

Note that the maps a^-, Pa, ^a, and the partial multiplication ©t*gxK do not depend 
on the contact 1-form rj. In fact, one may prove the following result. 



Theorem 3.7 Let G ^ M he an arbitrary Lie groupoid with Lie algebroid AG and 
a : G ^ M. be a multiplicative function. Then: 

i) The product manifold T*G x M admits a Lie groupoid structure over A*G with 
structural functions given by i\3.13i) . 

a) If rjG is the canonical contact 1-form on T*G x M and ttg '■ T*G x M ^ G zs the 
canonical projection then (T*G x M ^ A*G, rjc, <J o tiq) is a contact groupoid. 

Proof: Since o" is a multiplicative function, we obtain that 

eV = 0. (3.16) 
Moreover, if {g, h) G G^^^ and a{g) = I3{h) = x G M then, from ( |2.13| ), it follows that 



«((Hg) = h{^(^)h) = (Hx|A,G, 
{S(T)gh = i5cr)g ®T,a i5a)h. 



(3.17) 



In addition, using again (|2.13|) and the fact that cr is a multiplicative function, we have 
that 

e((H^|A.G) = {Sah, lii5a)g) = {5a)g-i, (3.18) 

for X G M and g E G. 

Thus, from ( p.l5| )-( |3rT8| ), we deduce i). 

Now, let G X M ^ M be the semi-direct Lie groupoid with projections a', partial 
multiplication m', inclusion e' and inversion t' defined by 



a'{g, 7) = a{g), /3'ig, 7) = Pig), for (g, 7) G G x M, 
m'{ig,^),{h,0) = {gh,^ + e'^(3^0, for {{g,^),{h,0) e {G x M)(2), 
e'{x) = ie{x),0), for x G M, 

t'ign) = (^(^7), -6^(^)7), for ((7,7) eGxR. 



(3.19) 
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Using (|3.19|) , one may prove that the partial muhiphcation ©t(GxR) in the tangent Lie 
groupoid T{G x M) =^ TM is given by 



d_ 

dt\-y 



d_ 

dt\c 



= {Xg®TGYh) 

+ (V^ + e-(^)(CX,(a) + (^))| 



(3.20) 



(9i |7+e'^(9)C' 



Next, we consider the map ttg '■ T*G x ^ G x W given by 

T^ci^g,!) = (71"gH),7), for {ujg,-f) e T*G x 



where tiq '■ T*G — G is the canonical projection. From ( |3.15| ) and ( |3.19| ), we deduce that 
ttg is a Lie groupoid morphism over the map ttq : A*G —>■ M defined by 

7ro(t^x) = X, for uj^ G v4*.G. 

Therefore, the tangent map to ttg, Tttq : T{T*G x R) ^ T{G x M), given by 



T*o(.Y„,+V.|^) = U„)-(A-„.) + V,|^, 



(3.21) 



for X^^ + V^^i^ ^ T(^Ljg,-y)iG X R), is also a Lie groupoid morphism (over the map Tttq : 



T{A*G) TM) between the tangent Lie groupoids T{T*G x 
M) ^ TM. 



T{A*G) and T(G x 



On the other hand, if rjc is the canonical contact 1-form on T*G x M then rjc = Xg ~ ^t, 
Xg being the Liouville 1-form on T*G, and (see ( p.21| )) 



r?GK,A)(X^,+V^||,) = AGK)(X^J-5t|,(V^||^)=.;,((7rG):^(X^J)-z^ 

= {ujg-6t\,){TnG{X^,+^§iJ). 



(3.22) 



Thus, using ( p.l5| ), ( p.2CI| ), ( |3.21| ), ( |3.22| ) and the fact that Tttg is a Lie groupoid morphism, 
we conclude that 

^G(K,7)ey.e^KK,C)) = ^GK,7) ®T-(T-GxR) (e^^^^^GC^^^.c)). 

that is, (T*G x M =^ A*G,'r]G,a) is a contact groupoid, where a e G°°{T*G x R) is the 
function given by a = cr o ttg- \QED\ 

Remark 3.8 Let G =^ M be a Lie groupoid, cr : G ^ M be a multiplicative function 
and TG xR ^ TM x R, T*G x M ^ A*G be the corresponding Lie groupoids with 



structural functions given by (|3.8|) and (|3.15| ). If a identically vanishes then we recover, 
by projection, the Lie groupoids TG =^ TM and T*G =^ A*G (see Examples p.8|) . 



Remark 3.9 i) A Lie groupoid G ^ M is said to be symplectic if G admits a symplectic 
2-form Q in such a way that the graph of the partial multiplication in G is a Lagrangian 
submanifold of the symplectic manifold (GxGxG, fi©fi© (-^)) (see 0). If G =^ M 
is an arbitrary Lie groupoid with Lie algebroid AG and on the cotangent Lie groupoid 
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T*G we consider the canonical symplectic 2-form VLq = — (^A^ then T*G is a symplectic 
groupoid over A*G (see g]). 

a) Let G =^ M be a symplectic groupoid with exact symplectic 2-form VL = —66. Then, 
since M is a Lie group, the product manifold G x M is a Lie groupoid over M (see Examples 
|2.8| , 3). In addition, (G x M =^ M,ri, 0) is a contact groupoid, where rj is the 1-form on 
G X M given hy r] = 7rl{9) - 7r^(5t), and tti : G x R ^ G, TTg : G x M ^ M are the 
canonical projections (see ||2^). In particular, if G =^ M is an arbitrary Lie groupoid 
with Lie algebroid AG then we have that (T*G x M =^ A*G, rjc, 0) is a contact groupoid, 
TjG being the canonical contact 1-form on T*G x R. Note that, using Theorem p.7| , we 
directly deduce this result. 



Let G =^ M be an arbitrary Lie groupoid with Lie algebroid AG and a : G — * M be 



a multiplicative function. From Proposition |3.4| , it follows that the contact groupoid 
structure on T*G x M induces a Jacobi structure on the vector bundle A*G. Next, we 
will describe such a Jacobi structure. For this purpose, we will recall the definition of the 
linear Jacobi structure associated with a Lie algebroid and a 1-cocycle on it (for more 
details, see [0). 

Suppose that (L, |, ],p) is a Lie algebroid over M and denote by Al* the corresponding 
linear Poisson structure on L* (see Section p.2| ). If uq G T{L*) is a 1-cocycle of L, A is 
the Liouville vector field of L* and cUq G X(L*) is the vertical lift of cuq, we have that the 
pair (A(i*^^Q), is a Jacobi structure on L*, where 

A(L*,a.o) = Al* + A A ul Ei^L*,.,) = -^0- (3-23) 

The Jacobi bracket {, }(L*,a;o) associated with the Jacobi structure (A(i*^(^(,), (^q)) is 
characterized by the following conditions 

{X,Y}^L',.o) = (xyi {X,l}^L',.o)=MX)oT\ (3.24) 
for X, y G r(L), T* : L* ^ M being the bundle projection. Here, if Z G r(L), we denote 



by Z the corresponding linear function on L* (see ||15|| ) 



Theorem 3.10 Let G ^ M be a Lie groupoid with Lie algebroid AG and a : G —>■ M. 

be a multiplicative function. If ttg : T*G x M — > G zs the canonical projection, rjc is the 
canonical contact 1-form on T*G x M and (Aq, Eq) is the Jacobi structure on A*G induced 
by the contact groupoid {T*G x R =^ A*G, rjc, a = a o ttg) then 

Ao = A(^*G',</,o), Eq = E(^a*g,<Pq), (3.25) 
where 0o ^ T{A*G) is the 1-cocycle of the Lie algebroid AG defined by 

<po{x){X^) = X^{a), forxeM and X^ G A^G. (3.26) 



Proof: Denote by tti : T*G x M — * T*G the canonical projection onto the first factor. It is 
easy to prove that tti is a Jacobi morphism between the contact manifold (T*G x R, r^c) 
and the symplectic manifold (T*G,Qg)- This means that 

{/ O TTi, 5( O TTilr-GxE = {/, 9}t-G O VTi, (3.27) 
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for f,g& C^(T*G, M), { , }t*gxK (respectively, { , }t*g) being the Jacobi bracket (respec- 
tively, Poisson bracket) associated with the contact 1-form rjc (respectively, the symplectic 
2-form flc)- 

Now, suppose that { , }o is the Jacobi bracket associated with the Jacobi structure 
(Ao,^o)- From (g^), it follows that 



Kifrgh = e-^{e^a:f,e^a:~g}T*G> 



(3.28) 



for f,g e C^{T*G x M, M). Thus, if X, F G T{AG) and X, Y are the corresponding linear 
functions on A*G, then (see (|3l5|) , (|3^ ) and i WM ) 



{x,y}o(«.(a;„7)) 



(e '^{a*(X) o7ri,a*(r) o7ri}T.GxK)(wg,7) 
e-'^(5){^*(X),a*(F)}^.G(^s), 



(3.29) 



for (co'g,7) G Tg*G X M. On the other hand, using the results in 0, we have that 
(^G):H^?(;f)(^0) = "Xih), ina)?iXl-y^{u,)) = tih), 



(3.30) 



for /i G G and Uh G T^G, where (respectively, ^^^^yy) hamiltonian vector 

field of the function a*{X) (respectively, a*{Y)) with respect to the symplectic structure 
Qg- Therefore, C^nQ Xg = C^nc Ag = and from (|3.29|) and ( p. 301 ), we conclude that 



a*{X) a*{Y) 

e~ 



{X,F}o(a.(c.„7)) 
being the Lie bracket on AG. Consequently, 



'^(^)^,(tx:rl(^7)) =«.(.;„ 7)([X,r](a(^7))), 



{X,F}o = lX,F]. 



(3.31) 



Next, we will show that 

{X,l}o = 0o(X)orA*G, (3.32) 
where ta*g ■ A*G ^ M is the bundle projection. Using (|]T|), (|3^ ) and (i]2|), it 



follows that 



{X,l}o(a,(c^<„7)) = (e-'^{a*(X)o7ri,e'^°"Go7ri}T,GxR)(^<„7) 

= e-'^(^){a*(X),e--}T*G(c.,) = (^G):^(Xj-^^(a;,))(a). 



Thus, from (|3.26|) and ( p.30|) , we obtain that 

{X, l}o(a<^(u;g,7)) = (0o(^) o 1"A-G)(aa(t^g, 7))- 

This implies that ( 3.32|) holds. 

Finally, using ( |3.31| ) and ( |3.32D , we deduce ( |3.25| ). 



\qed\ 
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4 Jacobi groupoids 



4.1 Jacobi groupoids: definition and examples 

Motivated by the results obtained in Section || about contact groupoids, we introduce the 
following definition. 

Definition 4.1 Let G ^ M be a Lie groupoid, (A, £") he a Jacobi structure on G and 
a : G ^ M. be a multiplicative function. Then, {G =^ M, A, E, a) is a Jacobi groupoid if 
the homomorphism #(a,_e) '■ T*G x M ^ TG x M given by 

is a morphism of Lie groupoids over some map ipQ : A*G —>■ TM x M., where the structural 
functions of the Lie groupoid structure on T*G x M =^ A*G (respectively, TG x M =^ 
TM X are given by ( ^.13^ ) (respectively, 1^3^)). 



Remark 4.2 Since #(a,£;) : T*G x M ^ TG x M is a morphism of Lie groupoids, we 
deduce that 

ipo = {a'^)a o #(A,i?) oe„ = {0^)„ o #(A,ij) o 
Thus, if G A*G, it follows that 

V>oM = («:(#A(eK.))), iE{x) - e:{f3:{E{x)))))- (4-1) 



Examples 4.3 l.-Poisson groupoids 

If [G =^ M, A, E, a) is a Jacobi groupoid with E = and a = then we recover the 
definition of a Poisson groupoid (see ||29|, ^ and Remark 



2. -Contact groupoids 

Let (G ^ M, rj, a) be a contact groupoid. If (A, E) is the Jacobi structure associated with 
the contact 1-form t] then, using the results in Section ^ we have that (G ^ M, A, E, a) 
is a Jacobi groupoid. 

Z.-Jacobi-Lie groups 

In [|17| , we proved that generalized Lie bialgebras (that is, generalized Lie bialgebroids over 
a single point) may be considered as the infinitesimal invariants of a particular class of Lie 
groups. These Lie groups can be defined as follows. Let G be a Lie group with identity 
element e, a : G — >■ M be a multiplicative function and (A, E) be a Jacobi structure on G 
such that: 

(i) A is a-multiplicative, i.e., K{gh) = {Rh)l{A{g)) + e-''^3\Lg)'i{A{h)), for g,heG. 

(ii) ii^ is a right-invariant vector field, E{c) = —Xq. 



22 



(iii) #a(5(t) = - e-^o- 

Condition (i) implies that A(e) = and conditions (ii) and (iii) imply that E{a) = 0. 
Thus, using again (ii) and (iii), we deduce that 

(a'^)a o #(A,i?) = V^o o "a, i(3'^)a o #(A,£;) = V^o o /3a- 
In addition, from condition (ii) and (iii), we have that 

(L,)^E, = e^^<^\E,, + (R^YMAiSa),)), (4.2) 

for g,h ^ G. 

Now, suppose that {ujg,'y) G r^*^ x R and (t'/i,C) ^ ^/^G* x R satisfy the condition 
aa{ujg,-f) = (3„{iJhX)- Then, 

a{ujg + Ce''^^\5a)g) = /3(e'^(^V^). (4.3) 



Thus, using ( |2.12| ), ( p.8| ), ( |4.2| ) and the fact that is a right-invariant vector field, we 
deduce that 

#{A,E){^^g,l) ©TGxR #(A,i<;) (l^ft, C) = 

'(L,)^(#a(z/,)) + iRhYMAicOg + Ce'^(f)(5cr),) + (7 + e^^^^^O^^^^/^, -u^giEg] 



On the other hand, Egh = Eg Q)tg ^h, and therefore, from ( p.l4|) and (|3.15|) , it follows 
that 

#(A,£;)((t^<;,7) ©T*GxR (^'^,0) = 

(^#A{((i?.-)f )*K + Ce^^^\6a)g) + ((VOf )*(e'^^^^^.)} 

+ {^ + e'^(a)QEgf„~UJg{Eg) 



Consequently, using (|2.13|) , ( [4.3|) and the fact that A is cr-multiplicative, we conclude that 



#(A,£;)(t^9,7) ©TGxR #(A,£;)('^h,C) = #(A,£;) ((t^g, 7) ©T*GxR (j^hX))- 

Thus, we have proved that (G =^ M, A, E, a) is a Jacobi groupoid. 
4.-An ahelian Jacobi groupoid 

Let (L, I, ],p) be a Lie algebroid over M and A^* be the corresponding linear Poisson 



structure on the dual bundle L* (see Section ^12]) . We may consider on L* the Lie groupoid 



structure for which a = P is the vector bundle projection and the partial multiplication is 
the addition in the fibers. Then, L* with the Poisson structure Al* is a Poisson groupoid 
(see m). 



Now, suppose that uq G T{L*) is a 1-cocycle of L and denote by {A(^l*,ujo), E(^L*^i_jg)) the 
Jacobi structure on L* given by (|3.23|) . Note that: i) The Liouville vector field A of L* 
and the vertical lift uJq G X(L*) of loq to L* are a- vertical and /3- vertical vector fields 
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on L*, and ii) uJq is a right-invariant and left-invariant vector field on L*. Using i), ii), 
(^TTT]), (|3.8D, ( ^.151 ), ( |3.23| ) and the fact that {L*,Al*) is a Poisson groupoid, we deduce 



that (L* ^ M, A(i.^^Q), i?(2,*,(^o), 0) is a Jacobi groupoid. 
5.-The banal Jacobi groupoid 

Let M be a differentiable manifold. The results in Section ^]3| (see Examples |2.8|) imply 
that G = Mx]RxMisa Lie groupoid over M and, moreover, the function a : G ^ K. 
given by a{x,t,y) = t is multiplicative. Thus, we can consider the corresponding Lie 
groupoids TG x R =^ TM x R and T*G x R ^ A*G. 

On the other hand, the map $ : TM x R — > AG given by 

^X,, A) = (0, A^^^, X,) G T(,,o,.oG', for (X,., A) G T,M x R, (4.4) 

defines an isomorphism between the Lie algebroids (TM x R, [ , ] , tt) (see Section |2.2| ) 
and AG. Thus, AG may be identified with TM x R and, under this identification, the 
projections and the partial multiplications on TG x R and T*G x R are given by 

(«^).((X.,a||^,i;),A) = (F„a + A), 
(/^^).((^^',«'||.,>;'),A') = (X;„A'), 

((X., a||^, F,), A) ©TGxK ((n> « + A) = ((X., (a + a')||,^,„ i;',), A), 

/3.((a;i„ a' ^;,), V) = a' - V), 

{{uj^,a6t\t,6y),-f) ©T*GxR ((-e~*6'y,a'5t|t/,6'^,),a' - e"*a) = 

((tu^, a'e* 5t|t+t', 6*6*^,), 7 - a + e* a'). 

Now, suppose that (A, E) is a Jacobi structure on M. Then, it was proved in WM that 
the pair (A', E') is a Jacobi structure on G, where 

A'{x,t,y) = -(^A(x)-^^^Ai?(x))+e-*(A(y) + ^^^AE(|/)), E'{xXy) = -E{x). (4.5) 

Furthermore, it is easy to prove that the map <fQ:A*G = T*MxR^ TM x R given by 
( [4.1|) is just the homomorphism #(a,£;) : T*M x R — >■ TM x R. Using the above facts, we 
conclude that (G =^ M, A', E', a) is a Jacobi groupoid. 



4.2 Some basic properties of Jacobi groupoids 

In this Section, we will show some basic properties of Jacobi groupoids. 
Proposition 4.4 Let (G =^ M, A, E, a) be a Jacobi groupoid. Then: 
i) M = e(M) is a coisotropic submanifold in G. 
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a) E is a right-invariant vector field on G and E{a) = 0. Moreover, if Xq G r{AG) is 
the section of the Lie algebroid AG of G satisfying E = —Xq, we have that 



i^Ai6a) =jto- e-'^to. 



(4.6) 



Hi) If a, (3 and e are the projections and the inclusion of the Lie groupoid T*G =^ A*G 
then 

e"'^#A oioa = e^oa'^o #a o e o /3 = o /^"^ o 

iv) If g and h are elements of G such that a{g) = (3{h) = x and X and y are (local) 
bisections through the points g and h, X{x) = g and y{x) = h, then 



Aigh) = (RyniHg)) + e"'^^\L;,t{A{h)) - e^'^^^^lL^ o Ry):{A{x)). (4.7) 



Proof: If X is a point of M then, using p.l3| ), we obtain that the map 

eiAjG : A*xG T^G 

is a hnear isomorphism between the vector spaces A*G and the annihilator of the subspace 
Tie(M), that is, (Tie(M))°. Thus, from ( p30D , ( p7[3|) , (U), ( pJfSD , (|3]) and since 
(e^)o- o ^Po = #{A,£;) ° ^a, it follows that M = e(M) is a coisotropic submanifold in G with 
respect to A. This proves i). 



On the other hand, using (|]TOD, (|27[3|) , (U), (13J[5|) , (|4ll ) and the relations 
we deduce zzj and Hi). 

Finally, we will prove iv). Using the multiplicative function a, one may introduce the Lie 
groupoid structure in T*G over A*G with structural functions a*, /?*, ©j-.g; K 
given by 



P*M = /3(z/^), for cug G r;G and u^, G T^tG, 



(wg ^h) = ujg ®T*G (e"(^Vft), 
el{ujx) = e{ujx), for uj^ G A*G, 
i^;(cu,) = e-(3)^(cu3), for G T;G. 



(4.^ 



In fact, if we consider on T*G x M the Lie groupoid structure over A*G introduced in 
Section ^ then the canonical inclusion 

T*G T*G X M, ojgE T*G ^ {ug, 0) G T*G x M, 

is a Lie groupoid monomorphism over the identity of A*G. 

Since the map i^{A.E) '■ T*G x M ^ TG x M is a Lie groupoid homomorphism, we have 



that (see (U), ( CT ) and (gj)) 

#A(c^g ©T*G ^^/^) = #a(^c;) ®TG #A(e""(^V,,) 
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for ojg G T*G and Vh ^ T^G satisfying aiug) = I3{uh). Thus, if 11 is the 2-vector on 
GxGxG defined by n(^, h, k) = e^'^^^Aig) + A{h) - e'"(^^)A(fc), it follows that the graph 
of the multiplication in G, {{g,h,gh) G G x G x G / a{g) = P{h)}, is a coisotropic 
submanifold of G x G x G with respect to 11. 

Now, denote by fl the affinoid diagram corresponding to the Lie groupoid G, that is (see 

H), 

n = {{k,g,h,r) eGxGxGx G / a{h) = a{k), (3{k) = (3{g), r = hk'^g}. 



Then, following the proof of Theorem 4.5 in |3^, we obtain that f2 is a coisotropic sub- 
manifold ofGxGxGxG with respect to the 2-vector 11 given by 

fl{k, g, h, r) = e"('=)A(A;) - e"('=)A(^) - e"('^)A(/i) + e"^'"'' A{r) . 

On the other hand, if g and h are elements of G satisfying a{g) = j3{h) = x, we have that 
{gh, g, h, x) is an element of Q. In addition, for any ^ G T*f^G and X, y (local) bisections 
of G through the points g and h (A'(x) = g and y{x) = h), it follows from Lemma 2.6 in 
that 

is a conormal vector to Q at {gh,g, h,x), i.e., it is an element of {T(^gh,g,h,x)^y ■ Therefore, 
if ^, ?7 G T*f^G, we deduce that 

e-^^'^^Aigh) - e^^^\L^t{A{h)) - e^^^^\Ry)l{A{g)) + e^^^\Ry o L;,):(A(5))) (e, r/) = 0. 

This implies that (|4^ ) holds. \qed\ 
Motivated by the above result, we introduce the following definition. 

Definition 4.5 Let G ^ M be a Lie groupoid and a : G —>■ be a multiplicative function. 
A multivector field P on G is cr-affine if for any g,h & G such that a{g) = f3{h) = x and 
any (local) bisections X , y through the points g, h, X{x) = g and y{x) = h, we have 

P{gh) = {Ry)l{P{g)) + e--^^\L;,)1{P{h)) - e-^^^\L^ o Ry):{P{x)). (4.9) 

It is clear that if P is a a-affine multivector and a identically vanishes, then P is affine (see 
3^, ^). On the other hand, if G is a Lie group with identity element e and P is a cr-affine 



multivector field on G such that P(e) = 0, then P is a a- multiplicative multivector field 
in the sense of . 

The following proposition gives a very useful characterization of cr-affine multivector fields 
(see [jl^ for the corresponding result for the case of Lie groups). 

Proposition 4.6 Let G ^ M be an a-connected Lie groupoid and a : G ^ be a 
multiplicative function on G. For a multivector field P on G, the following statements 
are equivalent: 

(i) P is a -affine; 

(a) For any left-invariant vector field X , the Lie derivative e'^C'^P is left-invariant. 
Proof: The result follows using the fact that a is multiplicative and proceeding as in the 



proof of Theorem 2.2 in \qed\ 
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5 Jacobi groupoids and generalized Lie bialgebroids 



The aim of this Section is to show the relation between Jacobi groupoids and generahzed 
Lie bialgebroids. 

5.1 Coisotropic submanifolds of a Jacobi manifold, Lie alge- 
broids and 1-cocycles 

In this Section, we will prove that if S* is a coisotropic submanifold of a Jacobi manifold M 
then there exists a Lie algebroid structure on the conormal bundle to S and, in addition, 
we can define a distinguished 1-cocycle for this Lie algebroid structure. For this purpose, 
we will need the following result. 

Lemma 5.1 Let (M, A, E) he a Jacobi manifold and (| , ](a,£;)5 #{a,£;)) be the Lie algebroid 
structure on T*M x M. Suppose that S is a coisotropic submanifold of M and that J* : 
fii(M) X C°°(M,M) ^ n\S) X C°°(5,M) IS the map defined by f{ujj) = {fuj,ff), 
J : S ^ M being the canonical inclusion. Then: 

i) Kerf is a Lie subalgebra of the Lie algebra {Q}{M) x C°°(M, M), |, \{k,e))- 

ii) The subspace of n\M)xC^{M,R) defined by {{uj J) e n^{M)xC^{M,R) / uj\s = 
0,j*f = 0} is an ideal in Kerf . 

Proof: i) If (cu,/), {v,g) G Vt^{M) x C°°(M,R) satisfy 

r(^,/) = o, j*(z/,^?) = o, 

it follows from (|2.5| ) that 

r[{u,f),{v,g)\^,E) = (/(z(#aM)5^-^(#aM)5^-5(^(#aM))), . . 

fiooii^M) + 4^A{uj){g) - #a(^)(/))). ^ ■ ' 

Now, since j*uj = 0,j*z/ = and S* is a coisotropic submanifold, it follows that the 
restriction to S of the vector fields #a(^^) and ij^^iy) is tangent to S. Thus, from 
we deduce that 

f[{uJ),{v,g)\^,E) = ^. 
ii) If uj' and v' are 1-form on M, we will denote by \uj' , z/']a the 1-form on M given by 

Note that 

{uj\fv\ = flco',u'U + 4^Aico')ify, for / e C°°(M,R). (5.2) 
Next, suppose that (u;, /), (//,(?) G il^{M) x C°°{M,R) satisfy the following conditions 

a;|5 = 0, j7 = 0, r{iy,g) = 0. 
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Then, proceeding as in the proof of i), we have that 

[(^, /), {J^, 9)]{A,E)\S = ([^, J^]a\s, 0). 

Thus, if X is a point of S, we must prove that {u, iy}A{x) = 0. For this purpose, we consider 
a coordinate neighborhood {U, ip) of M with coordinates (xi, . . . , Xn+i, • • • , x^) such 
that 

ip{U n 5*) = {(a;i, . . . , x^) G ip{U) / = . . . = = 0}. 
Here, n (respectively, m) is the dimension of S (respectively, M). Then, on U 

m n m 

ijj = uf Sxi, V = Sxj + u'' 5xk (5.3) 

i=l j=l k=n+l 

with 

fu;' = 0, fu^ = 0, (5.4) 
for alH G {1, . . . , m} and j G {1, . . . , n}. 

Note that, since S" is a coisotropic submanifold of M, it follows that 

^A{Sxk)\s{i^^) = 0, for alH G {1, . . . , m} and k E {n + 1, . . . , m}. (5.5) 

Therefore, using (|5.2| )-( ^75|) , we conclude that |u;, z^]a(3;) = 0. \qed\ 
Now, we will show the main result of the Section. 

Proposition 5.2 Let {M,A,E) be a Jacobi manifold and (|, ](a,£;)5 #(a,£;)) the Lie 
algebroid structure on T*M x M. Suppose that S is a coisotropic submanifold of M. 
Then: 

i) The conormal bundle to S, N{S) = (TS)° S, admits a Lie algebroid structure 
(I, ]s,Ps) defined by 

luj,u}s{x) = {7r,l{Co,0),{i>,0)]iA,E)){x), ^^g^ 
P5(t^)(x) = #A(u;:r), 

for all X e S, where tti : fi^(M) x C°°(M, M) — > ri^(M) is the projection onto the 
first factor and uj and 9 are arbitrary extensions to M of u and v, respectively. 

a) The section Es of the vector bundle N{S)* —>■ S characterized by 

uj{Es{x)) = -uj{E{x)) (5.7) 

for alluo G N^S = {T^Sy and x ^ S , is a 1-cocycle of the Lie algebroid {N{S), [, J^, 
Ps)- 

Proof: i) follows from Lemma and ii) follows using ( |5.7| ) and the fact that {—E, 0) G 
X(M) X C^iM, R) is a 1-cocycle of the Lie algebroid {T*M x M, [ , ](a,e), #(a,£))- \qM 

Remark 5.3 If the Jacobi manifold M is Poisson (that is, E = 0) then the 1-cocycle 
Es identically vanishes and (|, }s,Ps) is just the Lie algebroid structure obtained by 
Weinstein in . 
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5.2 The generalized Lie bialgebroid of a Jacobi groupoid 

In this Section, we will show that generalized Lie bialgebroids are the infinitesimal invari- 
ants for Jacobi groupoids. 

Let {G =^ M, A, a) be a Jacobi groupoid and AG be the Lie algebroid of G. Then, 
-E is a ri^ ht-invariant vector field and, thus, there exists a section Xq of AG such that 
E = —Xo (see Proposition [4.4|) . Moreover, the conormal bundle to M, as a submanifold 
of G, may be identified with A*G. 

Now, we consider the section 0o of A*G given by 

0o(X,.) = X,.(or), for X, e A,G and x e M. (5.8) 

Since a is a Lie groupoid 1-cocycle, it follows that 0o is a 1-cocycle of the Lie algebroid 
AG (see [0). 

On the other hand, using that M = e(M) is a coisotropic submanifold of G, we deduce 
that there exists a Lie algebroid structure ([, on A*G and, furthermore, the vector 

field E induces a 1-cocycle Epf G T{AG) of A*G (see Proposition |5l^ ). In fact, from 
Proposition ^.2| , we have that Em = Xq and 

|a;,z/]*(x) = 7ri|(eoa;,0),(eoz/,0)](A,ij)(x), p*(^)(a;) = af(#A(e(^^))), (5.9) 

for cu, z/ G r(yl*G') and x G M, where e is the inclusion in the Lie groupoid T*G =^ A*G 
and eo uj and e o z/ are arbitrary extensions to G of e o and e o i/, respectively. 

Note that, from (^?T|) and ( |5.9|) , we have that y^o = (p*,Xo), where 

(p*,Xo)(u;^) = (p*(a;a;),a;a;(Xo(x))) (5.10) 
for cij^; G A^G. In addition, we will prove the following result. 

Theorem 5.4 Let (G =^ M,A,E,a) be a Jacohi groupoid. Then {{AG,(j)o),{A*G,Xo)) 
is a generalized Lie bialgebroid. 

Proof: Denote by d^Xo Xo-differential of the Lie algebroid {A*G, |, ]^,,p^,). 
We will show that 

e'^JZ^A = -t^. (5.11) 

for X G r{AG). Suppose that uji,uj2 are any sections of A*G. Let e o ui, e o be any of 
their extensions to 1-forms on G. Then, using ( |2.3| ), (p.5|), ( p.l5|) , ( ^.9|) and the fact that 
(j|e(M) = 0, we have that 

(!'''^x^)hm)^'^'''^'^ ^ ((^#^(i;^0^2->C^,(-:-,)^i-A(^^i,^^2))(^) 

+ #a(^2)(^i(^)) - #A(F^l)(f^2(5^))) 

/ \e{M) 

= IUJ,,UJ2UX)+P.{002){UJI{X)) 

-P,(CJ1)(CJ2(X)) - (Xo AX)(CU1,CU2) 
= -(4xo-^)(t^l,t^2)- 
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Thus, since —d^:XoX and e^C^A are left-invariant 2-vectors (see Proposition |4.6|) and their 

X 

evaluation coincides on the conormal bundle A*G, we deduce ( [5.11| ). 



Using dJ), (UD and (|5Tl| ), we obtain that 

C^ie'^C^A) - t{a){e'^C^A) - C^ie^C^A) + t{a){e'^C^A) (5.12) 



X, d^XoYj - MX)d.XoY - [r, d.XoXj + My)d*XoX, 

for X,Y E T{AG), where ([ , ], p) is the Lie algebroid structure on AG. Thus, from ( |2.16| ) 
and ( |5.12| ), we conclude that 

d*Xo fx, Y] = [X, d^xo^jcpo — {Y, d^XoXj^o 

for X,Y e T{AG). 

Now, ([5.8|), the condition E{a) = — Xo(cr) = (see Proposition ^^ ) and the fact that a 
is a multiplicative function imply that (j)o{Xo) o a = and, therefore, 

MXo) = 0. (5.13) 
Furthermore, if x G M then, from ( [4.6| ), (|5.8| ) and ( ^.9| ), we deduce that 

<(p*(0o)(a;)) = #A(5a)(5) = ^o{x) - X^(£) = -et{atiXo{x))), 
that is, (see (|2?^)), 



P*(0o)(x) = -p(Xo)(x). (5.14) 
On the other hand, using (|5.8|) , (|5.11|) and ( ^.131) , it follows that 

e-''i{6a){Xjl) = -i{6a){C^A) + e""(0o(X) o 0)%. 

Consequently, using again ( |5.8| ), we have that 

t{<j)o){d,X) = -t{{6a){C^A)) o e + MX)Xo. (5.15) 

Finally, from ( |4.6| ) and (|578|), we deduce that 

= X^] = z(H(%A) + #a(5(</)o(X) o a)) - e-'^MX) o a)^ + e'^t^J 
which imphes that (see (pj), (p]), (U) and ( ^TTSD ) 

^(0o)(4X) + 4(0o(X)) + lXo,X] = 0. 

Next, we will describe the generalized Lie bialgebroids associated with some examples 
of Jacobi groupoids. We remark that two generalized Lie bialgebroids ((yl,0o), {A*,Xq)) 
and {{B,uJo), {B*,Yq)) over a manifold M are isomorphic if there exists a Lie algebroid 
isomorphism T : A ^ B such that I{Xq) = Yq and, in addition, the adjoint operator 
2* : B* ^ A* is also a Lie algebroid isomorphism satisfying X*{uJo) = (po- 
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Examples 5.5 l.-Poisson groupoids 

If (G, A, E, a) is a Jacobi groupoid with E = Q and cr = 0, that is, (G, A) is a Poisson 
groupoid, then we have that 0o and Xq identically vanish (see ( ^.81) and Remark ^.3|) . 



Therefore, (|2.18|) and Theorem imply a well-known result (see [^): if (G,A) is a 
Poisson groupoid then the pair {AG, A*G) is a Lie bialgebroid. 

2. -Contact groupoids 

Let (G ^ M, 0") be a contact groupoid and (A, E) be the Jacobi structure associated 
with the contact 1-form rj. Then, {G =^ M, A, E, a) is a Jacobi groupoid. 

Now, denote by (Aq, Eq) the Jacobi structure on M characterized by the conditions ( p.6|) , 
by Xq the section of the Lie algebroid AG of G satisfying E = —Xq and hj I : T* M xM. 
AG the Lie algebroid isomorphism given by ( p.7| ). If we consider the section (0,-1) G 
n^{M) X G°°(M,M) of the vector bundle T*M x M ^ M, we have that (see (j^)) 

J(0,-1) =Xo. (5.16) 

Moreover, if J* : A*G ^ TM x M is the adjoint operator of J, from (|3^ ), it follows that 

J*(z/,) = (-af (#A(e~(zy,))), -zy,(Xo(x))) (5.17) 

for G where e is the inclusion in the Lie groupoid T*G =^ A*G. 

Next, denote by ([ , ]_, 7r_) the Lie algebroid structure on the vector bundle TMxM M 
defined by 

[iX,f),iY,g)] = i-[X,Y],-{X{g)-Yim, vr„(X,/) = -X 
for (X,/) e X{M) X G°°(M,M). 

On the other hand, if on the vector bundle TG x R ^ G we consider the natural Lie 
algebroid structure (see Section P^ ) then the map #(a,£;) : T*G x M — ^ TG x M is a Lie 

algebroid homomorphism between the Lie algebroids (T*G x M, | , ](a,£;), #(a,£;)) and TG x 
M. Using this fact, (|5.9|) and since M = e(M) is a coisotropic submanifold of G, we deduce 
that X* defines an isomorphism between the Lie algebroids A*G and (TM x M, [ , ]_, 7r_). 
In addition, from ( |5.17|) and Proposition |3.3|, we obtain that I*{(po) = {—Eq,0). 

In conclusion, if on the vector bundle T*M x —>■ M (respectively, TM x M — > M) we 
consider the Lie algebroid structure ([, ](Ao,£;o)) #(Ao,-Bo)) (respectively, ([ , ]_,7r_)) then 
the generalized Lie bialgebroids {{AG, 0o), {A*G, Xq)') and {{T*M x R, {-Eq, 0)), (TM x 
M, (0, —1)) are isomorphic. Note that the Jacobi structure on M induced by the gen- 
eralized Lie bialgebroid ((T*M x M, (-Eq, 0)), (TM x M, (0, -1))) is just (Aq, ^o) (see 

(MM)- 

Z.-Jacohi-Lie groups 

Let G be a Lie group with identity element e, a : G ^ M be a multiplicative function and 
(A, E) be a Jacobi structure on G such that A is cr-multiplicative, E is a. right-invariant 
vector field and 

#A(Hte) = -E, + e-''^<^\L,)l{E{t)), for all g^G. 
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Then, {G =^ {c}, A, E,a) is a Jacobi groupoid (see Examples |4.3|) . 

The Lie algebroid of G is just the Lie algebra g of G, that is, AG = g and, from (|5.8|) , it 
follows that 00 = ('^'^)(^)- 

On the other hand, since A(c) = 0, one may consider the intrinsic derivative S^A : g A^g 
of A at e. In fact, using ( p.5| ) and ( p.9| ), we deduce that the Lie bracket [, on the dual 
space A*G = g* oi g is given by 

[u, z/]* = [cj, z/]a — u;(i?(e))z/ + z/(_E(e))u; 

for E g*, where [ , ]a : g* x g* ^ g* is the adjoint map of the intrinsic derivative of A 
at e. In addition, the 1-cocycle Xq on g* is Xq = —E{t). 

Thus, using Theorem p^ , we conclude that the pair ((g, (5cr)(c)), (g*, — £'(e))) is a gener- 
alized Lie bialgebroid over {e}, i.e., a generalized Lie bialgebra. This result was proved 
in UTTI (see Theorem 3.12 in Wt 



A.-An abelian Jacobi groupoid 

Let (L, I, ],p) be a Lie algebroid over a manifold M and luq G T{L*) be a 1-cocycle of 
L. We may consider on L* the Jacobi structure (A(i,*^^g), i5(2,*,ajo)) given by ( p.23| ) and 
the Lie groupoid structure for which a = (3 is the vector bundle projection t : L* ^ M 
and the partial multiplication is the addition in the fibers. As we know (see Examples 
|4.3| ), (L* ^ M, A(i. i?(2,*,(^o), 0) is a Jacobi groupoid and we have the corresponding 
generalized Lie bialgebroid ((A(L*),0o = 0), {A* (L*) , Xq)) . 

On the other hand, if : M — L* is the zero section of L* and fi G r~^(x) = L*, we will 
denote by fi^{0{x)) G To(^x)L* the vertical lift of fi to L* at the point 0(a;). Then, the map 

v.L*^ A{L*), neLl^ l^"{0{x)) G A^{L*), 

defines an isomorphism between the vector bundles L* and A[L*). Moreover, using ( |3.23|) 
and since a = t and the Lie bracket of two left-invariant vector fields on L* is zero, we 
conclude that: i) v defines an isomorphism between the Lie algebroid L* (with the trivial 
Lie algebroid structure) and A{L*) and ii) v{ujq) = Xq. In addition, if v* : A*{L*) L 
is the adjoint map of v: L* ^ A{L*) then, from (^), (^, { ^71^ and (^, we deduce 
that V* induces an isomorphism between the Lie algebroids A*{L*) and (L, [, ],p). 

Therefore, we have proved that the generalized Lie bialgebroids {{A{L*), 0), {A* (L*) , Xq)) 
and ((L*,0), {L,ujq)) are isomorphic. 

5.-The banal Jacobi groupoid 

Let (M, A, E) be a Jacobi manifold and G the product manifold M x R x M. Denote by 
(A', E') the Jacobi structure on G given by ([4.5|) and by a : G — > R the function defined 
by cr(x, t, y) = t. Then, one may consider a Lie groupoid structure in G over M in such a 
way that {G =^ M, A', a) is a Jacobi groupoid (see Examples ^.3| ). Thus, we have the 
corresponding generalized Lie bialgebroid ((AG, 0o), (^4*6*, Xq)). As we know, the map 
$ : TM X R ^ AG given by (|4.4| ) defines an isomorphism between the Lie algebroids 
(TM X R, [ , ], vr) and AG and, moreover, it follows that $(--E, 0) = Xq. 
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Now, let : A*G T*M x M be the adjoint map of $. Then, using (U), (|4]|), (|]5|) 
and ( |5.8| ), we deduce that $* induces an isomorphism between the Lie algebroids A*G 
and (T*M x M, |, \^^e). ¥{a,e)) and, in addition, $*(0o) = (0, 1). 

Therefore, we have proved that the generalized Lie bialgebroids {{AG, 0o), {A*G, Xq)) and 
{{TM X M, (0, 1)),(T*M X M, {-E, 0))) are isomorphic. 

To finish this Section, we will relate the Jacobi structure on G and the Jacobi structure 
on M induced by the generalized Lie bialgebroid structure of Theorem IST 



Proposition 5.6 Let {G =^ M,A,E,a) be a Jacobi groupoid and (Ag, -Eq) be the Jacobi 
structure on M induced by the generalized Lie bialgebroid {{AG, (j)o), {A*G, Xq)) . Then, 
the projection P is a Jacobi antimorphism between the Jacobi manifolds {G, A, E) and 
{M, Aq, Eq) and the pair (a,e°') is a conformal Jacobi morphism. 

Proof: Denote by { , } (respectively, { , }o) the Jacobi bracket associated with the Jacobi 
structure {A,E) (respectively, {Aq,Eq)). Then, we must prove that 

{/?7i,/?72} = -/3*{/i,/2}o, e-^e-a*fue''a*f2} = «*{/i,/2}o, 
for/i,/2GC-(M,M). 

Now, if (p*,Xo) : T{A*G) X{M) x C~(M,M) is the map given by (|5:T0|) and (p, 0o) : 
r{AG) X{M) X C°°(M,R) is the homomorphism of C°°(M, M)-modules defined by 

{p,<P,){X) = {p{X),UX)) (5.18) 

then, from (|2:20|) , (|5J0|) and ( CT) , it follows that 

#{Ao,i?o) = (P*> ^o) o (p, 0o)*, (5.19) 

where (p, 0o)* : ^^{M) x C°°(M, R) T{A*G) is the adjoint operator of the homomor- 
phism {p, 0o)- 

Using (|3.8| ) and since (/3^)o- o #(a,_b) = (p*,^o) ° /^o- we have that 

{/57l,/372} = (#{A,i^)(r5/l,/37l),(W2,/572)) 

= {{{P)l ° #(A,i.))(/5*5/l, /57l), (5/2 O /5, /572)) 
= (((p.,Xo)o/3.)(/?*5/i,/3*/i),(5/2 0/3,/5*/2)). 

From (g3), dg^), (|35D, dJ) and (|38|), we deduce that /3,((/?f )*(cu^(g)). A) = -(p, 0o)* 
(u;^(g). A), for (ci;/3(g). A) G T^^^-^M x M. Using this fact and ( p.l9| ), we get that 

{/37l,/572}=r{/l,/2}Af. 

On the other hand, using (|2.7|) , (|2.2CI| ), ( p.8|) . Proposition and since (a^)cr o H^{k,e) = 
(p^,, Xo) o cio-, we obtain that 

e--{e-«7i, e'^«72} = e--(#(A,s)((5(e-a7i), e-«7i), (5(e'^a72), e'^«72)) 

= e-(((«"^). o #(^,^))(«*<5/i, «7i), (5/2 o a, a*f2)) 

+e'^(a7i)(#(A,£;)(5t^,0),(«*(5/2),«72)) 
= e'^(((p„ Xo) o a^)(a*(5/i), a7i), (5/2 o a, a* f^)) 

+a*(/iEo(/2)). 
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Now, from (|A3|), (|3J[5|) , (p|) and ( ^ISD , it follows that e<^(^')a^((af A) = 

(p,0o)*K(<;),O), for (u;,(3),A) G r:(^)M x M. Therefore, 

e-'^{e'^a7i, e'^a72} = /2}o. 



5.3 Integration of generalized Lie bialgebroids 

In this Section, we will show a converse of Theorem 1^^, that is, we will show that one 



may integrate a generalized Lie bialgebroid and obtain a Jacobi groupoid. 



5.3.1 Jacobi groupoids and Poisson groupoids 

In this first subsection, we will prove that a Poisson groupoid can be obtained from 
any Jacobi groupoid and we will show the relation between the generalized Lie bialge- 
broid associated with the Jacobi groupoid and the Lie bialgebroid induced by the Poisson 
groupoid. 

Let G =^ M be a Lie groupoid and cr : G ^ M be a multiplicative function. Then, using 
the multiplicative character of cr, we can define a right action of G =^ M on the canonical 
projection vri : M x M — M as follows 

{x,t)-g = {a{g),a{g) + t) (5.20) 

for {x,t) G M X M and g & G such that (3{g) = x. Thus, we have the corresponding action 
groupoid (M X M) * G ^ M X M. Moreover, if {AG, [ , ], p) is the Lie algebroid of G, the 
multiplicative function a induces a 1-cocycle 0o on AG given by (see ( ^.8|) ) 



0o(a;)(X^) =X^(a), for x G M and G A^G. (5.21) 



In addition, using the results in Section p.3| (see (|2.9| )), we deduce that the M-linear map 
* : T{AG) X{M X M) defined by 

X* = (p(X) O TTi) + (0o(X) O VTi)^ (5.22) 

induces an action of AG on the projection tti : M x M ^ M and the Lie algebroid of 
(M X M) * G is just the action Lie algebroid AG x tti. 

Now, it is easy to prove that (M x M) * G may be identified with the product manifold 
G X M and, under this identification, the structural functions of the Lie groupoid are given 
by 

a^{g,t) = {a{g),a{g) + t), for (c/, t) G G x R, 
P„{h, s) = {P{h), s), for {h, s) G G X M, 

ma{{g,t),{h,s)), = {gh,t), if a^(5(, t) = /3<^(/i, s), (5.23) 

e^{x,t) = (e(x),t), for (x, t) G M X M, 

L^{g,t) = {t{g),a{g) + t), for {g,t) e G x R. 
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Thus, if A{G X R) is the Lie algebroid of G x M and X G yl(^i)(G' x M), it is clear that 
X & A^G and therefore the map 

J : A{G xR)^ AGxR, X e v4(^,t)(G x R) ^ J{X) = {X,t) e A^G x R (5.24) 

defines an isomorphism of vector bundles. Furthermore, if on AG x M we consider the Lie 
algebroid structure ([ , } p^'-'') given by ( |2.22| ) then is a Lie algebroid isomorphism. 
In conclusion, the Lie algebroid of the Lie groupoid G x M ^ M x M may be identified 
with (AG X M, I , f-^^p-^o). 

We also have the following result. 



Proposition 5.7 Let G ^ M be a Lie groupoid and a : G ^ R be a multiplicative 
function. Suppose that {A., E) is a Jacobi structure on G, that A = e~*(A + A E) is 
the Poissonization on G x R and that in G x R we consider the Lie groupoid structure 
on M X R with structural functions given by ( |5. 2!^ ). Then, {G =^ M, A, E, a) is a Jacobi 
groupoid if and only if {G x R ^ M x R, A) is a Poisson groupoid. 



Proof: From ( |2.10|) and ( ^.23|) , it follows that the projections {aa-Y , (Pa)'^, the inclusion 
(eo-)"^ and the partial multiplication ©t(GxR) of the tangent groupoid T{G x M) =^ T(M x 
R) are given by 

+ A||,)=«^(X,) + (A + for (X, + A||^)gT(,,)(G x M), 

m^{Y^ + = (3^{Yn) + for (F, + G T(,,,)(G x M), 

(X, + A| ) ©T(GxE) {Yn + /x| ) = X, ®TG Yh + A| (5-25) 

{t^Y{X^ + A||^) = e^(X,) + A||^, for (X, + A-^^) G T(,,i)(M x M). 

On the other hand, using ( p.l3| ) and ( |5.23| ), we deduce that the projections a^,/5o-, the 
inclusion and the partial multiplication ©t*(GxE) in the cotangent groupoid T*{G x 
R) ^ A*G xR are defined by 



^{ujg + -i6t\t) = (aK), a{g) + t), for {oOg + -f6t\t) G T(;_,)(G' x R) 

(a;g + 75t|t) ©T*(GxR) (l^ft + C^^ls) = g + Ci^ Cr)g) ®T'G l^h + (l + C)St\t 

e~ (w^, t) = e(cj^) + 6t\t, for (tu^, t) G A*^ x B 



(5.26) 



Moreover, from ( p.2|) , we have that the homomorphism : T*(G x R) T{G x R) is 
given by 

#a(^, + 75t|t) = e-*(#A(a;,) + 7i?, - ^aiEg)^^^), (5.27) 
for (.;, + 75t|*)GT(;,)(GxR). 

Now, we consider in T*G x R (respectively, TG x R) the Lie groupoid structure over A*G 
(respectively, TM x R) with structural functions defined by ( p.l5| ) (respectively, (|3.8| )). 
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Then, an straightforward computation, using ( p.lO|) , (|2.13| ), (|3^ ), (|3.10|) , ( p.l5|) , (|5.25| ) 



( p.27| ), shows that #(a,£;) '■ T*G x M — TG x R is a Lie groupoid morphism over some 
map (^0 : A*G TM x R if and only if 4^-^ : T*(G x R) ^ T{G x R) is a Lie groupoid 
morphism over some map <^o • x R — T{M x R). This proves the resuh. \QED\ 

As we know (see Section if ((A, 0o), (^*, -'^o)) is a generahzed Lie bialgebroid and on 



the vector bundle A x M — ^ M x R (respectively, A* x R — >• M x R) we consider the Lie 
algebroid structure ([ , (respectively, ([ , p^'')) then the pair (AxR, y4*xR) 

is a Lie bialgebroid. In particular, if {G =^ M, A, a) is a Jacobi groupoid and AG is the 
Lie algebroid of G then the pair [AG x R, A*G x R) is a Lie bialgebroid. Furthermore, 
we have 

Proposition 5.8 Let {G =^ M,A,E,a) be a Jacobi groupoid and (G x R =^ M x R, A) 

be the corresponding Poisson groupoid. If {{AG , (p^) {A* G , Xq)) (respectively, {A{G x 
R),74*(G' X R))y) is the generalized Lie bialgebroid (respectively, the Lie bialgebroid) asso- 
ciated with {G =^ M, A, cr) (respectively, (GxR =^ MxR, A)j, then the Lie bialgebroids 
{A{G X R), A*(G X R)) and {AG x R,A*G x R) are isomorphic. 

Proof: Denote by (| , ],p) the Lie algebroid structure on AG and by J : A{G x R) — 
AG X R the isomorphism between the Lie algebroids A{G x R) and {AG x R, [ , f'^o, p*^") 
given by ( |5.24| ). 

Now, let J* : T*G x R x R ^ T*(G' x R) be the map defined by 

J*{ujg, 7, t) = ujg + 'y5t\t, for ujg E T*G and 7, t G R. 
Using the results in flBl (see Section 3.2 in flBl), we deduce that 



J*l{aJ),{(3rg)\f% = lJ*{&,f),J*{(3,g)jA = l^ + fStJ^yu.,j„ 

- — " — _ (5.28) 

#a(:^*(«,/)) = h^,E) («,/), 

for time-dependent 1-forms on G and f,gE G°°{G x R, R), where ([ , ](a,£;), #(a,£;)) 
(respectively, (| , ]a,#a)) Lie algebroid structure on T*G x R (respectively, 

T*{G X R)) induced by the Jacobi structure {A,E) (respectively, the Poisson structure 
A) on G (respectively, G x R). 

On the other hand, if we identify A*G (respectively, A*{G x R)) with the conormal bundle 
of e(M) (respectively, e^(M x R)) then the restriction of J* to A*G x {0} x R = A*G x R 
is just the adjoint operator J* : A*G x R ^ A*{G x R) of J. Therefore, from (|]23D 



]9D, (|5.28|) and Remark ^.3| , we conclude that the map J^* is an isomorphism between 



the Lie algebroids (A*G x R, | , J^^o, ") and A*{G x R). \qed\ 

5.3.2 Integration of generalized Lie bialgebroids 

In this Section, we will show a converse of Theorem |0. 



For this purpose, we will use the notion of the derivative of an affine fc-vector field on 
a Lie groupoid (see [0). Let G be a Lie groupoid with Lie algebroid AG and P be 
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an affine /c- vector field on G. Then, the derivative of P, 6P, is the map SP : r{AG) 
r(A'=(AG)) defined as follows. If X G T{AG), 5P{X) is the element in r(A^(AG)) whose 
left translation is C^P. 

X 

Now, we will prove the announced result at the beginning of this Section. 

Theorem 5.9 Let {{AG,(f)Q),{A*G,XQ)) be a generalized Lie bialgebroid where AG is 
the Lie algebroid of an a-connected and a-simply connected Lie groupoid G =^ M . Then, 
there is a unique multiplicative function a : G — M and a unique Jacobi structure (A, E) 
on G that makes {G ^ M, A, a) into a Jacobi groupoid with generalized Lie bialgebroid 
((AG,0o),(^*G,Xo)). 

Proof: Since G is a-connected and a-simply connected, we deduce that there exists a 
unique multiplicative function cr : G — M such that 

0o(^) = X{a), VX G V{AG). 

The multiplicative function a : G ^M. allows us to construct a Lie groupoid structure in 
G X M over M x M with structural functions a^, l3„, e„ and l„ given by ( |5.23| ). 

If (I , is the Lie algebroid structure on AG then, as we know, the Lie algebroid of 
G X M is {AG X M, I , f^°,p't'o). Moreover, if ([ , ],,p^) is the Lie algebroid structure 
on A*G and we consider on the vector bundle A*G x M — M x M the Lie algebroid 
structure (| , ]7°,pf°) given by ( ^^231) , it follows that the pair (AG x R,A*G x M) 



is a Lie bialgebroid. Therefore, using Theorem 4.1 in |3y], we obtain that there is a 
unique Poisson structure A on G x M that makes G x M into a Poisson groupoid with Lie 
bialgebroid (AG x R,A*G x M). 

We will see that the 2-vector (on G x M) £ s^A + A is affine. For this purpose, we will use 

dt 

the following relation 

^ BP 

Ca_P = —, ioT P eT{A\AG xR)). (5.29) 



Note that P is a time-dependent section of the vector bundle A^{AG) M and, thus, 

dP 

one may consider the derivative of P with respect to the time, — — . 

dt 

d 

From ( ^.291) and Proposition [4.6| , we conclude that the vector field — is affine. Conse- 
quently (see Proposition 2.5 in ||3D|), the 2-vector s_A + A is also affine. 

Next, we will show that the Poisson structure A is homogeneous with respect to the vector 
d 

field — . This fact implies that A is the Poissonization of a Jacobi structure (A, E') on 



G (see Remark |2]1|). Moreover, from Propositions [5.7| and p.8| , we will have that (G =^ 
M, A, E, a) is a Jacobi groupoid with generalized Lie bialgebroid {{AG, (po), {A*G, Xq)). 

Therefore, we must prove that A is homogeneous. Now, using Theorem 2.6 in and since 

G is a-connected and the 2-vector Ca_ A + A is affine, we deduce that A is homogeneous 

at 

if and only if: 
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(i) The derivative of the 2-vector £ s A + A is zero and 

at 

(ii) The restriction of the 2-vector Ca_A + A to the points of e„{M x M) is zero. 

dt 

First, we will show (i). If is a Poisson groupoid with Poisson structure vr and Lie 
algebroid AH, we have that (see Theorem 3.1 in |40[| ) 



C^n = -d^X, (5.30) 

for X G r{AH), where is the differential of the dual Lie algebroid A*H. Thus, from 
and (|53DD , it follows that 



X\ 8t ) at X — X 



at 



- d^^^-d^-^^^ 
* dt * dt ' 

for X G r{AG X M). On the other hand, using the results in [|l^] (see Remark B.3 in [|l6l), 
we obtain that 

d, "Z = e''[d^Z + XoA{Z + — )j, for Z G T{AG x M), 

d^ being the differential of the Lie algebroid {A*G x M, | , }^,p^). Consequently, we 
deduce that 

C<-(CjtA + A) = 0. 

X V St / 

Next, we will show (ii). If {x,t) is a point of M x M then 

T;(,,)(G X M) - Al^,^{G X R) © ((a.)l^'*))*(T(;,)(M x M)). 

Therefore, it is enough to prove that 

(£ a A + A)(5Fi, 5F2)|,„(MxK) = 0, 

when Fi and F2 are either constant on eo-(M x M) or equal to {aa)*fi, with fi G C°°(M x 
M, M), i = 1,2. We will distinguish three cases: 

First case. Suppose that Fi = (a^)* fi and F2 = (aa)*/2, with /i,/2 G C°^(M x R,R). 
Denote by Aq the Poisson structure on M x R induced by the Lie bialgebroid {AG x 
M, A*G'xM) and by { , }^ (respectively, { , }^^) the Poisson bracket on GxR (respectively, 

M X M) associated with A (respectively, Aq). Then, from Proposition p.7| and since the 
d 

vector field — on G x R is acr-projectable, it follows that 
dt 

(£e_A + A){6F^,5F2) = <(|{/i, - Ma^ - {/i, ^}ao + {A, Mao)- 
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Thus, using that the Poisson structure Aq is homogeneous with respect to the vector field 
d 



^ on M X M (see Theorem 12.131), we obtain that 
dt ^ ' — ^ 



{C^A + A){6F,,6F2) = 0. 



Second case. Suppose that Fi = {a^)*fi, with /i G C°°(M x M, R) and that F2 is constant 
on ecr{M X M). Following the proof of Lemma 4.12 in we deduce that 



{ia^rf,H}^ = iipfrismH), (5.31) 



for / e C°°{M X and H e C°°{G x Note that (see (|2:23D ) 

(pf")*(a; + g6t) = e-\{p,ri^) + Q^o), (5.32) 



for g G C°°{M x M, M) and uj a time-dependent 1-form on M. Therefore, from ( p.29| ) 

dF2 

( ^.31| ), ( ^.321) and since — — = 0, we have that 

C/6 



(£aA + A)(5Fi,5F2)=-[|,(pf»)*(5A)](F2) - ipfri5{^)m) - WfiShm) 



Third case. Suppose that Fi and F2 are constant on e„{M x M). Then, using that 
ea{M X M) is a coisotropic submanifold of {G x M, A), it follows that 



dFi dF2 d 
Moreover, since — — = — — = and the restriction to ta{M x M) of the vector field — 
dt dt ^ ' dt 

is tangent to t^{M x M), we conclude that 

(£aA + A)(5Fi,5F2)|,„(MxE) = 0. ^ 

Examples 5.10 1.- Lie bialgebroids 

Let {AG, A*G) be a Lie bialgebroid where AG is the Lie algebroid of an a-connected and 
a-simply connected Lie groupoid G =^ M. Then, using Theorem ^.9| (see also Examples 
[4.3| ,1), we obtain that there exists a unique Poisson structure A on G that makes {G =^ 
M, A) into a Poisson groupoid with Lie bialgebroid {AG, A*G). This result was proved in 



2.- Generalized Lie bialgebras 

If G is a connected Lie group with identity element e, a : G — > M is a multiplicative 
function and A is a cr-multiplicative 2-vector such that the intrinsic derivative of A at e 
is zero then A identically vanishes (see |[T7|1). 
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Let {{q, 4>o){9* , Xq)) be a generalized Lie bialgebra, that is, a generalized Lie bialgebroid 
over a single point, and G be a connected simply connected Lie group with Lie algebra 
Q. Then, using (^]9|), Proposition and Theorem ^]9| we deduce the following facts: a) 
there exists a unique multiplicative function a : G ^ M. and a unique cr-multiplicative 
2- vector A on G such that (5cr)(e) = 0o and the intrinsic derivative of A at e is —d^Xo^ 
d*Xo being the Xo-differential of the Lie algebra g*; b) ^\{Sa) = Xq — e~"^Q and c) the 
pair (A, E) is a Jacobi structure on G, where E = —Xq. These results were proved in 



(see Theorem 3.10 in 17 
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